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Chapter 1

Introduction

1.1 Outline

Interacting electron systems are of both fundamental and practical interest. At
low enough temperatures interactions between electrons win the competition with
thermal fluctuations and stabilize long-range ordered states, characterized by or-
der parameters describing collective degrees of freedom [I]. These degrees of
freedom, such as magnetization and polarization, are much less sensitive to ther-
mal fluctuations than the states of a single electron. That is why ordered, or
ferroic, materials are widely used in information storage devices. For instance,
in all the modern hard drives the unit of information, or bit, is represented by
the magnetization direction of a tiny area on the surface of a magnetic material.
Thus deep understanding of related physics is crucial for improving the energy
efficiency, response time, information density and reliability of devices.

This thesis is mainly devoted to the study of magnetic materials with com-
peting, or frustrated, interactions. Such interactions would alone stabilize dif-
ferent states, but being present in the system simultaneously, they have to find
a compromise, which usually leads to non-collinear spin textures. For example,
in perovskite manganites GAMnO3 and TbMnOj3, containing antiferromagneti-
cally coupled chains, interactions within the chains are frustrated. The nearest-
neighbor interaction, irrespective of its sign, favors ferromagnetic alignment of
next-nearest-neighbor spins thus competing with the antiferromagnetic next-
nearest-neighbor intrachain interaction, Jo [2H4]. The compromise is found in
a magnetic spiral state, in which spins rotate in space. Frustration results in
a rich variety of non-collinear spin states. Many such states break inversion
symmetry and induce an electric polarization [5l [6], thus making the material
multiferroic (multiferroics are the materials with different ferroic orders, such as
ferromagnetism and ferroelectricity, present simultaneously in a single phase [7]).
This opens a route to control magnetism by electric fields, which is very desirable
for spintronics and information storage applications.
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Frustration does not only occur due to next-nearest-neighbor interactions, but
can even arise in systems with only the nearest-neighbor exchange interactions
due to a special lattice geometry, incompatible with magnetic interactions — the
so-called geometric frustration [§]. For example, in triangular antiferromagnets
with nearest-neighbor interactions, frustration leads to the state with the 120°
angle between neighboring spins. In PboMnOy4 geometric frustration results in
a very unusual state with the neighboring spins in ab planes being almost per-
pendicular to each other. Finally, in YMnsO5 both the J; — J; and geometric
frustrations coexist: the J; — Jy competing interactions in the chains stabilize
a spin spiral ordering, while the weaker geometrically frustrated interactions be-
tween the chains orient spins in the neighboring chains almost perpendicularly
to each other. The near orthogonality of the neighboring spins in the ab planes
of PboMnOy, and in the neigboring chains of YMnsOj results in small exchange
fields from the neighbors and, consequently, in narrow magnon bands, making
the magnetic system very sensitive to an applied magnetic field.

In antiferromagnets frustration can be induced locally by doping. In FeTiOg
the spins in neighboring Fe layers are antiferromagnetically coupled. A Fe im-
purity located between the layers mediates strong local ferromagnetic coupling
between them, which frustrates the antiferromagnetic ordering (Chapter 2). The
result is the formation of a spin polaron — a distortion of the antiferromagnetic
ordering, carrying a large ferromagnetic moment. At around 5% doping the over-
lapping polarons percolate, and their magnetic moments order ferromagnetically.
Non-isovalent doping introduces a hole, which in the electric field shifts to one
of the layers, making it more ferromagnetic and thus changing the polaron mag-
netic moment — the polaron magnetoelectric effect, which in FeTiOg could lead
to magnetodielectric anomalies.

In antiferromagnets with two interpenetrating sublattices frustration occurs
naturally without any doping. In TbFeOs an Fe3t ion is exchange-coupled to its
nearest eight Th ions, and since the Tb spins are antiferromagnetically ordered,
the effective fields acting on the Fe spin from the Tb ions cancel each other.
However, if the Tb ordering is non-uniform, the compensation of the effective
fields is lifted, and a non-zero effective field proportional to the derivative of
the Tb order parameter is exerted on the Fe spin. This is described by the
so-called Lifshitz term in the free energy density, involving a spatial derivative
of order parameters. In the uniform state this term is zero. Thus, in order
to gain energy due to this term, the system develops a periodic modulation.
This explains a spectacular large-period solitonic lattice observed in TbFeOs.
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Another highlight of Chapter 3 is the analogy between domain walls in the Tb
magnetic ordering interacting through the distortions of the Fe ordering and the
Yukawa force between the nucleons exchanging by pions. This analogy allows
us to explain two very different length scales of the observed incommensurate
state: the atomically sharp Tb domain walls and the 340A period of the solitonic
lattice.

The same mechanism gives rise to interactions between the domain walls in
the multiferroic GdFeOg, in which limited magnetoelectric control was realized
[9]. The polarization in this material is proportional to the product of Gd and
Fe antiferromagnetic order parameters. The Fe magnetic ordering is also weakly
ferromagnetic, which makes possible to switch it by a magnetic field, and since
the purely antiferromagnetic Gd order does not couple to magnetic field, the sign
of the polarization upon the reversal of magnetic field should be reversed. How-
ever the polarization is not reversed in the experiment, indicating that the Gd
order parameter does change in an applied magnetic field. This can be explained
by the drag of the Gd domain walls by the moving domain walls in the Fe mag-
netic ordering. Chapter 4 is devoted to the theory of this effect. This is to our
knowledge the first study of the coupled domain wall motion, which is of large
importance for the field of magnetoelectric switching in multiferroics.

Another fascinating multiferroic material, where different types of domain
walls interact and even induce each other, is hexagonal YMnOg. Experiment
shows the clamped ferroelectric and antiferromagnetic domain walls [I0] and
hexagonal structural vortices with the electric polarization changing sign six
times around the vortex core [I1]. We have formulated the Landau-type theory
describing the interacting structural, charge and spin degrees of freedom and ex-
plain experimental findings on the shape of structural vortices, vortex-antivortex
pairs, coupled antiferromagnetic and structural domain walls, and multiferroic
vortices (Chapter 5).

Chapter 6 on the theory of magnetoabsorption in CusO was motivated by the
experiment performed by the group of Paul van Loosdrecht at the University of
Groningen. CusO is the first semiconductor discovered, and also the first mate-
rial in which excitons have been observed. However, after more than half-century
of studies the interpretation of its magnetoabsorption spectra remains incom-
plete and there is no agreement about the number of excitonic states absorbing
the light of different polarizations and the masses of holes and electrons. The
group of Paul van Loosdrecht did high-resolution polarized magnetoabsorption
measurements, which motivated the present theoretical study. We calculated the



4 1. Introduction

excitonic energies in both high and low magnetic field regimes and derived the
selection rules for excitons, which allowed us to fit the experimental spectra. We
found out that two states with n = 2 have close energies and remained previ-
ously unresolved. This is an origin of the long-standing controversy over the
number of excitonic levels and masses of charge carriers. The electron and hole
masses extracted from our analysis of optical data are in agreement with results
of cyclotron resonance measurements.

In the remainder of this chapter we briefly outline the main mechanisms lead-
ing to the emergence of non-collinear spin textures and the formalism useful to
calculate magnon spectra and magnetization dynamics.

1.2 Classical spin models with non-collinear ground
state

The Hubbard model [I2] contains the essential ingredients to describe strongly-
correlated materials: the hopping amplitude ¢;; between the sites ¢ and j and the
on-site Coulomb repulsion U. The Hamiltonian of the model has the form:

H=1 tijel,cio+UD ninay, (1.1)
1,7,0 7
where ¢; , annihilates the electron in the spin state o on the site 4, and n;, =
cjgcig. At half filling (one electron per site) the hopping term favors a metal-
lic state, in which the system maximally gains kinetic energy, while the on-site
Coulomb repulsion suppresses the polar states in which some sites are empty and
some are doubly occupied. When the Hubbard U exceeds some critical value
of the order of the electronic band width, the system becomes a Mott insulator
with a charge gap and low-lying excitations in the spin sector described by the

Heisenberg Hamiltonian *:

H=> Ji;Si8;, (1.2)
i,j
;

i

where S; = %c
teraction, described by the constants J; ; = 4t12) j /U, results from the hopping of
electrons to neighboring sites and back and the denominator U is the energy of
an intermediate state with two electrons on the same site. In oxides the elec-
trons hop between the metal ions through the oxygen orbitals, in which case the

mechanism is called superexchange [14, [15].

oc; is the operator of spin on the site ¢, and the exchange in-

Hmportant non-trivial effects in charge sector are also known, for a review see [13].
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In real materials the situation is further complicated by the presence of many
orbital states and several electrons on a single site, and by the Coulomb repulsion
between electrons on neighboring sites. In oxides the exchange is usually mediated
by the hopping of electrons from filled oxygen orbitals to the empty orbitals of
neighboring metal ions (Fig. 1.1), lying higher in energy [I5HI7]. Alternatively,
one can speak about the hopping of holes from transition metal ions to oxygen
ions. If two metal-oxygen (M-O) bonds form the right angle, the holes from
transition metal (TM) ions hop to the orthogonal p-orbitals and the energy is
gained if those have parallel spins (due to the ferromagnetic Hund’s rule coupling
in the intermediate state). If the two M-O bonds form an angle close to 180°,
the holes from TM ions hop to the same oxygen orbital, which is only allowed if
their spins are opposite (Pauli principle). That gives rise to an antiferromagnetic
exchange (see Fig. 1.1).

(a) ®) 4, .

L

dw2,z2 Pz dxz,zz
o0 < o0 ‘ 2
metal oxygen metal x ~+

Figure 1.1: Anderson-Goodenough-Kanamori rules for the superexchange be-
tween half-filled orbitals. (a) For the 180° coordination the antiferromagnetic
spin configuration enables a gain in kinetic energy due to the process, in which
both electrons from an oxygen p-orbital hop to the neighboring metal ions (and
then back). This is prohibited by Pauli principle for parallel spins on metal ions.
(b) In the 90° coordination the holes from the magnetic ions could hop to the
orthogonal oxygen 2p orbitals for both parallel and antiparallel spin configura-
tions. However, the Coulomb energy of an intermediate state with parallel spins
of two holes on oxygen ion is much lower (Hund’s rule).

We now derive the Dzyaloshinskii-Moriya antisymmetric exchange interaction
[18H20], playing an important role in the formation of chiral spin textures [21].

We first consider two magnetic ions with 2 orbital states on each of them
(Fig. 1.2, orbitals |a) and |3) on the first ion and |y) and |6) on the second one).
For simplicity, we will now ignore the second orbital of the second magnetic
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y y
~* metal oxygen metal < metal oxygen metal

a ——_ 6 a/—\j(s
—
B~ 7 ——

(c) transition amplitudes process 1 process 2
0 . « )
t,ya s tWﬂ
tyg tys

Figure 1.2: (a) 180° M-O-M configuration in which electrons only hop between
the d orbitals marked by the same color. (b) The distorted configuration in which
the hopping between the a and ~ orbitals through the oxygen becomes possible.
(c) possible hopping processes in the distorted configuration and transitions be-
tween the different orbitals on the same site due to the spin-orbit coupling. Two
processes exchanging the electrons (time-conjugate to each other), giving rise to
the antisymmetric exchange interaction.

ion and will include it into the consideration later. The Hamiltonian describing
the on-site energies (e-terms), the spin-orbit coupling (A-term) and the hopping
processes (t-terms) has the form:

H = eaiia + eg(itg + fty) + N8 + (£ 18) (4] + ta ) (7] + H.c).

We are interested in the contribution to the ground state energy, linear in the spin-
orbit coupling A. There are two different processes giving a desired contribution:
in the process I the electron initially located on the left site (in the following
referred to as “red electron”) is promoted by the spin-orbit interaction to the
state |a), and then hops to |7y), while the “green” electron hops to the state |53):

N 1 1
AEl = S]_Qtﬂ»\/ Et’ya Eﬁj)\laﬁsl,
@

where the spin-exchange operator Sis = 28183 + % takes care of the fact that
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the exchange of the electrons leaves the triplet wave function invariant, while
the singlet wave function changes sign. Indeed, starting with a triplet state (i.e.
when both spins are up, or both are down, or Tiestdright + Jieft Tright), and then
exchanging the electrons by the process I, we obtain the initial state. But if we
apply this operation to the singlet, Tetebright — et Trights We get — et bright
+ licft Tright, SO the minus sign appears. This is taken into account by Si2, which
has eigenvalue +1 for a triplet and —1 for a singlet state.

Complex conjugate of AFE;, corresponding to the process 2 in the Fig. 1.2, is

1 1 N
AE; = \I* —ta—=13-5
2 oﬁsleﬂ_ea’v {7812

and together the two contributions add up to

1 1 © oA
AE = /\lalgeﬂjtn,aﬁtﬁq(smsl —81512)

since the wavefunctions of the crystal-field-split orbitals (transforming as zy, yz, vz, 22—

y%,322 — r?) can be chosen real, and the matrix elements of I = [r x %V] are
then purely imaginary, so that I7 5 = —lga.
The commutator in AFE is easy to calculate:

(S128% — 88.S10) = [2595%, s8] = 2[s9, s%]s% = 255ieapes] = 2i[s1 X 825

Finally we get

AFE = 2>\i1a5€ﬁi€at—mét5—y[81 X 82].

Naturally, if the oxygen ion is located on the line connecting two magnetic ions,
the hopping ¢, is zero and AE = 0. The Dzyaloshinskii-Moriya interaction
between two magnetic ions is non-zero even if the spin-orbit coupling constant
on one of the ions is zero. The inclusion of § orbital gives an additional factor of
2 in AE.

To summarize, we considered the first-order correction in the spin-orbit inter-
action to the exchange between two TM ions mediated by the oxygen ion. The
interaction energy involves the vector product of spins of the TM ions:

HDM = D”[SZ X Sj] (13)

This interaction favors the 90° angle between the spins and thus competes with
the (usually stronger) superexchange interaction.
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1.2.1 Frustrated J,-.J, exchange interactions

We now discuss a quasi-one dimensional material made of ferromagnetically cou-
pled chains. The exchange interactions in the chain (see Fig. 1.3) are described
by the Hamiltonian:

H=> (J18:8ns1+ J2SnSny2). (1.4)

Here the nearest-neighbor exchange J; competes with an antiferromagnetic next-
nearest-neighbor exchange J, > 0. The classical ground state of this model is

} ’\;f’\V‘*\J//F’\V‘“\ 4 A e
1 Jo

Figure 1.3: The magnetic spiral ordering in the chain of quasi-1D J; — J5 magnet

ferromagnetic for J; < —4Js, antiferromagnetic for J; > 4Js and otherwise a
spiral S,, = (cosgn,singn) with the wavevector ¢ = arccos (—5712)7 and the
spiral plane is determined by the anisotropy. This mechanism is responsible for
the magnetic spiral ordering in perovskite manganites [22]. Period of spirals

induced by competing exchange interactions is a few unit cells.

1.2.2 Frustration by Dzyaloshinskii-Moriya exchange

If all the oxygen ions shift in the same direction from the line connecting TM
ions, the Dzyaloshinskii vectors on all bonds D;; are parallel, and the model
Hamiltonian is

H=> (J18uSni1+ D[Sy x Sny1).

The minimization leads to the spiral state with the wavevector ¢ = arctan(D/J).
If the shifts of oxygen ions are alternating, the weak ferromagnetic state is induced
[23], with the magnetization proportional to D/J (see Fig. 1.4).

The inverse Dzyaloshinskii-Moriya effect is also observed: if the magnetic
spiral state is stabilized by J; —.J5 interactions, the system can further gain energy
on the DM interaction by shifting the oxygen ions from the line, connecting metal
ions. That gives rise to an electric polarization [24, [6].
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@ T.f././.’.'“.'*.’*.x\\\.\.;.,z.///«f*‘?

« metal ion
CIFIUEY JURY JURY JUEY JURT SR JURY JURY S
.; .¥ .¥ .§ .& .\ .& .\ oxygen
Figure 1.4: (a) The shift of all oxygen ions in the same direction from the M-M
line leads to the Dzyaloshinskii-Moriya interaction stabilizing the magnetic spiral

state. (b) Alternating shifts of oxygen ions from the M-M line lead to weak
ferromagnetism.

1.3 Magnons

Magnetic excitations are very important because they determine the response
of the system to external magnetic fields. Here we outline the basic notions
related to magnon spectra of classical spin systems. The magnon spectrum of
the classical spin system described by the Hamiltonian

H=> (1i;SiS;+K.S2.),
1,

where the last term describes a hard z-axis anisotropy, is most simply obtained
within the Lagrangian formalism. In spherical coordinates S;(0;,¢;) (|S;| = 1)
the Lagrangian is [25]

L= Z b; cos 0; — H, (1.5)

and for a planar ground state spin configuration with spins perpendicular to the
z axis, we describe the spin directions by the spherical angles 6; = 7/2 —«;, ¢; =
@i o0 + Bi, where the index 0 denotes the ground state configuration. In these
variables the Lagrangian is given by £ =", B;c; — H, where the Heisenberg part
of the Hamiltonian H takes a very simple form (the unit vector in the direction
of the spin n; has the spherical coordinates (6; = 7/2, ¢; ), and 7, = On/0d¢ is
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the tangent vector in the zy plane):

ZSS NZJ,J <[1 (o + B; )} ni+2a¢+fiﬁi>
X ([1— ;(Of§+ﬁf—)] n; + 2a; +"'j5j> ~

ZJU [nl n](ﬁ’bﬁj (a +52+Oé +5 ))+aiaj] . (1.6)

4,J

In the previous expression the =~ sign means equality of the terms quadratic

in small «a, 3, describing the spin deviations in a single-magnon state from the

ground state. The terms of higher orders in «, 8 describe interactions between

magnons and are beyond the spin-wave approximation, while the linear terms are

zero because the state described by ¢; ¢ corresponds to the energy minimum.
The Euler-Lagrange equations are then simply

ZJZ smam; (Bi — Bj),

(1.7)
Z = Z Ji,j ay — ainin]—] + 2Kzaz

This gives the spectrum w(q) for a chain with the nearest-neighbor ferromagnetic
exchange constants J; ;41 = J < 0:

K,
wWq :4‘Jsing‘ sng—i— AT

while for antiferromagnetic exchange constants J; ;41 =J >0

Wy :4‘Jsin%‘ COS2g+

These two spectra are plotted in Fig. 1.5.

1.4 Dynamics of magnetization switching in fer-
romagnets

Here we discuss the domain wall motion, which is the essence of the switching
process in bulk ferroic materials. An action for the ferromagnet (J < 0) with the
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Figure 1.5: The magnon dispersion for easy-plane ferromagnetic and antiferro-
magnetic chains.

magnetization in the direction described by the spherical angles 6, ¢, with the
easy-z and hard-y anisotropy axes and subjected to the magnetic field H || z is:

A= /dtdaz (gﬁcos&

- [J ((0")* +sin®0(¢)?) — % cos? 6 + % sin? @ sin® ¢ — H cos 0}) . (1.8)

Here we assume that the magnetization does not change substantially on the scale
of the lattice constant (smoothness of the spin texture) and thus limit ourselves
with the quadratic terms in the gradient expansion. In the absence of a magnetic
field domain walls do not move. Static domain wall has ¢ = 0 and

A= —/dtdm {J(G')2 — % cos? 0] ,
for which the Euler-Lagrange equation reads:
2J0" = % sin 26.
Multiplying by 6" and integrating over x, we get:
J(0)? = _iK’Z cos20 + C.

Using the boundary conditions, we find C' = K /4, and

df 0 T — Tg
/m—log tanQI_A, NNy (1.9)
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Figure 1.6: The shape of the static domain wall.

1.4.1 Domain wall motion in the magnetic field

In their seminal paper [26] Schryer and Walker derived equations of motion for
a domain wall subjected to a magnetic field and identified exact solutions corre-
sponding to a moving domain wall. These solutions have the form

0 x—ut
¢ = const and logtan - =

5 X (1.10)

Here we derive the equations of motion assuming that a weak magnetic field does
not significantly change the shape of a domain wall. Physically, this assumption is
justified by the fact that the energy of interaction with magnetic fields ~ 0.1 T is
much smaller than the single-ion anisotropy and exchange energies, responsible
for the domain wall shape (and magnetization switching is normally observed
under much smaller fields). The lowest-energy magnon modes are the shift of
the domain wall as a whole (it has zero energy, if we neglect the Pierls-Nabarro
barrier), the tilt of spins out of the easy plane, and the distortion changing the
width of the domain wall. We incorporate these modes into an ansatz 6(z,t) =
2arctane " x ,¢(x,t) = ¢(t), which we substitute in Eq. (1.8). Performing the
integration over z we get

A:2/dt (hér—i—k M;Z — Hr + \K, sin’ ¢>. (1.11)

Varying Eq. (1.11) with respect to A, we obtain:

B 2.

Y 1.12
\/Kz+2Kysin2¢ (1.12)
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which coincides with Eq. (1.9) for ¢ = 0. To account for the spin relaxation we
introduce the dissipation functional, describing the enthropy production rate,

. z 2 .
R= %O‘ dtdz(8)* = ha/dt ((’2 + A(¢)2) : (1.13)
The equations of motion have the form
54 _oR
v ov’

where v runs over x, ¢ and A. Since R does not depend on A, Eq. (1.12) is not
changed by taking the dissipation into account. Equations for x and ¢ are:

.k
h¢770‘f - H,

. h
hao + Xr = K,sin2¢
They can be written in the form

(14 a?*)hé = H + oK, sin 2¢,
I3 (1.14)
(1+ az)Xf = K, sin2¢ — oH.

The first equation has the form (1 + a2)¢5 = —d‘;—;‘b) and describes the over-
damped motion of a massless particle with the coordinate ¢ in the potential

V(¢) = —Ho + 5% cos 2¢ (Fig. 1.7).

V(¢)
hid V()
\/\/Q;L 4
o | p 2
—4 2 _i\2_ 4 &
) 2 4
-4 -2
_6 -4

Figure 1.7: Equation of motion for a domain wall in a ferromagnet is analogous to
Newton’s equation describing a massless particle in the tilted washboard potential

V(9).

It has two different types of solutions:
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1. For small fields, H < aK,, local minima of the potential exist (Fig. 1.7,

. In the opposite case, H > aK,, the force exerted on the particle —

H

aK,*
Then from the second equation of (1.14) we find the DW velocity %7’" = H/a.
This solution corresponds to the motion of the DW without changing shape.

left), and the particle is stuck in one of them, ¢ = const = —% arcsin

av.

. dé
H + oK, sin 2¢ is always positive. In this case (Fig. 1.7, right) ¢ is always

positive and the particle keeps moving down the washboard. This solution
describes an oscillatory domain wall motion with spin precession around

the magnetic field direction. The transition to this regime is known as the
Walker breakdown.

The dependence of an average DW velocity on the applied magnetic field is shown

in Fig. 1.8.
A U/)\ 10 A Ja it
/\ / 1
K y | ol ‘Jf \\ ““‘/ \
h : r"‘ \\ r“ 1
< [\ A U
5 X 00 f,“ T 7 ‘\ -
= /" \ / \ 1
> | \ / \ i
-05F // \ // \ 1
\ \
// \\ / \\ 1
-10f, ‘ S . -
0 1 2 3 4 5
’ > H H
t
8] K y 27 (1+ a?)

Figure 1.8: (left panel) The average domain wall velocity as a function of the

magnetic field H. (right panel) The time dependence of the domain wall velocity
in the Walker breakdown regime.



Chapter 2

Ferromagnetic Insulator State in Doped
FeTi03

Abstract

The solid solution of two antiferromagnetic compounds, ilmenite and «-
hematite Feiqy Th—5 O3 erhibits an unusual insulating ferrimagnetic state
appearing around room temperature. We show that Fe dopants in Ti layers
induce large non-collinear modulations of spins in neighboring magnetic
layers. We study spin polarons and their effect on magnetic properties of
this material. Long-range interactions between the polarons suppress the
antiferromagnetic order and lead to the ferromagnetic state.

A large magnetic moment of the polaron explains the superparamagnetic
phase found experimentally at low doping. We consider effects of an applied
magnetic field on the ferromagnetic polarons and show that the critical field
at which the spin flop transition occurs goes down with the increase of x.
Non-isovalent doping introduces a hole bound to the dopant, which increases
the ferromagnetic moment of the polaron via the double exchange. When
the magnetic field is applied, the layer with spins along the field becomes
more ferromagnetic, and the hole shifts to that layer in order to gain kinetic
energy, thus producing an electric polarization. This leads to a magneto-
electric effect.

2.1 Introduction

Dilute magnetic semiconductors (DMS) attracted much interest due to opportu-
nities they offer for spintronics (for a review see [27, 28]) In the II-VI DMS the
charge carriers, usually electrons, are provided by oxygen vacancies, acting as
shallow donors [29] [30], whereas in III-V DMS the charge carriers (usually holes)

*Part of this work was performed in collaboration with Andrea Scaramucci and Andrei
Berceanu.
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are supplied by the magnetic impurities themselves. These charge carriers medi-
ate the double exchange between the localized spins, which induces ferromagnetic
regions — bound magnetic polarons — around the dopants [31]. At some critical
concentration of dopants polarons percolate and a long range ferromagnetic order
sets in, while the charge gap closes [32] 33].

In this chapter we study a mechanism of ferromagnetic cluster formation,
which does not require itinerant carriers, and is based on frustration of exchange
interactions between localized spins resulting from doping. As a prototype mate-
rial we consider Fe-doped ilmenite FeTiO3 [34H42]. In contrast to doped mangan-
ites, Fe14,Ti;_,Og remains insulating for all x, even when an antiferromagnetic
state is replaced by a ferromagnetic one, suggesting that itinerant carriers play
no important role in the formation of the ferromagnetic state.

(a) (b)

400

300

200

Temperature [K]

100

0

Hematite concentration [mol %]

Figure 2.1: (a) The unit cell of ilmenite. Fe (brown) and Ti (blue) ions form
buckled hexagonal layers. Oxygen ions are in red. (b) The magnetic phase
diagram of Fe;,Ti;—,O3 solid solution reported in Ref. [36], showing the para-
magnetic (PARA), superparamagnetic (SUPERPARA), ferrimagnetic (FERRI),
antiferromagnetic (AF) and spin glass (GLASS) phases.

The ilmenite, FeTiO3, has a corundum-type structure of alternating hexago-
nal layers of Fe and Ti ions with the Bernal stacking (see Fig. 2.1(a)). The Fe?*
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ion has the 3d® (s = 2) electronic configuration, while Ti** with the empty d
shell is nonmagnetic. The hematite FesO3 has a similar structure, but all the Ti
ions are substituted by Fe ions.

The values of exchange constants in FeTiO3 were found experimentally from
inelastic neutron scattering data [43, [36]. Spins in neighboring Fe layers are an-
tiparallel forming the A-type antiferromagnetic structure with Néel temperature
of 60 K. The ferromagnetic in-plane exchange is an order of magnitude larger
than the antiferromagnetic coupling between Fe layers separated by Ti layers.
In the ground state spins in each plane are nearly parallel to the rhombohedral
c-axis [43].

The a-hematite, Feo O3, has a similar layered structure, in which all hexagonal
planes are formed by Fe®* ions. In this system the interlayer antiferromagnetic
coupling is much stronger due to the roughly twice smaller distance between the
adjacent magnetic layers. The ground state is of the up-down-down-up type with
the much higher Néel temperature (T = 950 K) compared to ilmenite.

The Fe doping of ilmenite strongly affects its magnetic properties: at x =
0.2 a transition to a ferrimagnetic state was observed (see Fig. 2.1(b)) [34] [44].
Remarkably, at smaller « the magnetic susceptibility has a superparamagnetic
behavior [45]: a Curie law-like paramagnetic susceptibility, but for very large
spins. This effect was attributed to the formation of ferromagnetic clusters around
the impurities [45]. It was concluded that the experimental results cannot be
explained by the presence of ferromagnetic clusters of one certain size, and that
a distribution of cluster sizes is required. The cluster size distribution was found
to have peaks around clusters of 57 and 11 formula units of FeTiOg. Similar
superparamagnetic behavior was also found in Zn-doped NiFeoO4 [46] and some
other materials (a review can be found in Ref. [35]).

In Ref. [45] it was suggested, that the strong antiferromagnetic exchange be-
tween the impurity and neighboring layers aligns spins in adjacent layers, giving
rise to the superparamagnetic behavior. The transition to the ferrimagnetic state
is attributed to the percolation of these clusters. This is similar to the ferro-
magnetic transition in oxide-based DMS, where percolation of bound magnetic
polarons leads to ferromagnetic state [47].

This chapter is organized as follows: In Sec. 2.2 we present a simplified
model of the Fe-doped ilmenite and study its ground state for the case of low
doping. In the Sec. 2.3 we study interactions between impurities, describe the
antiferromagnetic-to-ferrimagnetic transition and obtain the phase diagram. In
Sec. 2.4 we consider the effect of dilute impurities on the spin-flop transition. In
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Figure 2.2: Exchange interactions in the single-dopant model. Antiferromagnetic
interlayer interactions result in the A-type AFM ordering. The AFM interactions
of the impurity with the neighboring spins frustrate interlayer interactions and
align the spins in different layers ferromagnetically (spin directions are shown by
arrows).

the Sec. 2.5 we study the polaron magnetoelectric effect.

2.2 Single impurity: the model and the ground
state

In the solid solution of ilmenite and a-hematite some of Ti ions are substituted
by Fe ions. The strong antiferromagnetic exchange between the iron impurity
and Fe ions in the adjacent magnetic layers aligns the latter spins parallel to each
other, thus frustrating the antiferromagnetic ordering. First we consider a single
Fe impurity in a Ti layer sandwiched between two magnetic layers (see Fig. 2.2).
The model Hamiltonian has the form:

H= > JSea-Swa+ Y JiSei1-Se 1+ Y JimpSimp-Son  (2.1)
(r,r’),A r A

where S, is a spin in the upper (lower) layer A = 1 (A = —1) at the position r on
the square lattice. We consider a ferromagnetic nearest-neighbor exchange within
the layers (J) < 0, the summation in the first term runs over the bonds connecting
nearest neighbor sites in the same layer), an antiferromagnetic exchange between
the layers (J, ) and an antiferromagnetic exchange between the impurity and the
nearest Fe neighbors (Jiy,). We assume that J, < [J)| < Jimp-

Far from the impurity, the antiferromagnetic interaction between the two Fe
layers, described by the second term (J, > 0), favors an antiparallel alignment



2.2. Single impurity: the model and the ground state 19

WLy b
R
f e T
T g
T
[ 0t

Figure 2.3: The ground state spin configuration around the Fe dopant. The color
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encodes the deviations of spins from the z axis.

of spins in neighboring Fe layers. On the other hand, large antiferromagnetic
exchange with the dopant (Jjn,,) forces spins right above and below to align
parallel to each other. In our model we assume that the Fe impurity in the Ti
layer interacts with the same exchange constant J;,,, with spins above and below.
In FeTiOg this is not the case due to the layer stacking. The implications of this
assumption for the realistic material are discussed below. In this section we also
disregard the fact that the substitution of Fe for Ti changes valency of Fe ions
and dopes the system with holes.

As a result of substitution of Ti by Fe, the A-type antiferromagnetic texture
is deformed and a non-collinear spin configuration appears around the Fe dopant
(see Fig. 2.2,2.3). Both layers are deformed equally, making the impurity spin to
point perpendicular to spins at infinity. (For a rigorous proof that in the ground
state configuration the deformation is distributed equally between the layers see
appendix 2.7.) In the following we use the orthogonal coordinate system with the
z axis aligned with the rhombohedral ¢ axis (easy axis) and the z axis aligned with
the impurity spin. The ground state configuration is coplanar, since the energy
of any noncoplanar configuration with axially symmetric boundary conditions at
r — oo can always be decreased by rotating spins around the z axis to the xz
plane (see Appendix 2.7).

The ground state can be described by the inclination angle 6, between the
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spin S, at the point r in the upper layer and the z axis. Then the spin in the
lower layer has the inclination angle 7 — 6,. The energy takes the form

H = JH52 Z 2cos(fy — Opr) — J1 S? Z c08(20y) + 2JiynpS? sin . (2.2)

(rr’)

In the upper layer along the line from infinity to the impurity, the angle
varies from 7 to /2, and in the lower layer along the line from the impurity to
infinity spins rotate further from 7 /2 to 0, leading to the 7 angle between the
spins in different layers far from the impurity required to minimize the energy of
the antiferromagnetic coupling between the layers (see Fig. 2.3).

Far from the dopant, where 6(r) varies slowly on the scale of the lattice
constant, the discrete Hamiltonian Eq. (2.2) can be replaced by the continuous
model:

o / 2o {J|| [(0.6)% + (9,0)%] — %008(20) , (2.3)

where a is the lattice constant. Varying the energy with respect to 6(r), we obtain
the Euler-Largange equation

For small 0 sine can be replaced by its argument and the solution of resulting
two-dimensional Schrodinger equation is given by the Macdonald function:

e~/ (2.5)

where rq = a4 /|2
0 2J

crete problem numerically and match the solutions of the discrete and continuous
models at » = 20a > a. The resulting spin configuration is shown in Fig. 2.4.
It should be noted that the model (2.2) has continuous SO(2) rotational sym-
metry and so the lowest excitations are gapless Goldstone modes corresponding

is the polaron radius. Close to the core we solve the dis-

to a global spin rotation. Consequently, one could expect that the distortions
of uniform ordering introduced by the impurity would decay in space according
to a power law. This is not the case since the distortion introduced by the im-
purity involves an optical magnon mode, in which the spins in the neighboring
layers cant in the opposite directions. The presence of the single-ion easy axis
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Figure 2.4: The dependence of the angle 6 on the distance r from the impurity
for a single spin polaron.

anisotropy also contributes to the term ~ 6 in the r.h.s. of eq. (2.4), which makes
the characteristic length scale ry smaller.

The important property of the polaron is a large in-plane magnetic moment
My =3, S, which scales with ro approximately as r3® (see Fig. 2.5). For
small ro ~ a, M| deviates from this scaling law due to the significant contribution
from the polaron core. This in-plane magnetic moment can rotate freely around
the easy axis, and is responsible for the superparamagnetic behavior. The large
value of M| is in quantitative agreement with the observed superparamagnetic
effect [45] (see Sec. 2.3 for more details). The next-nearest-neighbor layers to
the impurity are polarized by the spins in the nearest-neighbor layers due to the
small antiferromagnetic interaction (J, ), and this polarization slightly reduces
the total magnetic moment of the polaron.
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Figure 2.5: Parallel (M) and staggered (M = ), ASf ) magnetic moment
of spin polaron (red lines). Green lines are linear fit to red ones in the limit of
small core contribution. Blue dotted line is M ~ r3 for comparison. The results
were obtained by numerical minimization of energy as described in the text.

2.3 Bulk properties

The multi-layered version of the model Eq. (2.1) with a finite concentration of Fe
dopants in Ti layers was studied using Monte Carlo simulations to include the
effect of thermal fluctuations. We simulated systems of six 10 x 10 Fe layers with
open boundary conditions. We studied magnetic properties of the system when
different numbers of impurities are placed between the layers, with averaging
over a large number of impurity configurations. For this calculation we used the
following model parameters: Jin, = 6|J)|, /. = 0.06J) [36].

2.3.1 Superparamagnetic state at low doping

In the very dilute doping regime dopants are on average far from each other,
and the overlap between different polarons is negligible. In this regime one can
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consider polarons as non-interacting. The rotation of the in-plane magnetic mo-
ment of a polaron around the z-axis is a zero mode. At temperatures lower
than the easy-axis anisotropy energy, the contribution of these modes (given by
the expression for a gas of planar magnetic moments) dominates the magnetic
susceptibility:
s nlmng
4kpT
where 7, is the concentration of impurities. Monte Carlo simulations show
that magnetic susceptibility at low doping follows this expression.

X = (2.6)

2.3.2 Interacting magnetic polarons, ferromagnetic state

As the doping is increased, the impurities get closer, and the distortions induced
by adjacent impurities in ferromagnetic layers start to overlap. The energy gain
due to the intralayer ferromagnetic exchange gives rise to an effective interaction
between the spins of the impurities. Namely, the energy of a distortion induced by
two impurities will be different from twice the energy of a single polaron, and will
depend on the directions mj, my of their magnetizations, Fy = 2E; — Jogmims.
The effective interaction of two polarons can be evaluated using a simple model, in

VYV YA AAAARA A AYYYYY

- -

AAAddsy>ryrvrv 44 4AAA

Figure 2.6: The deformations of AFM ordering mediate ferromagnetic interac-
tions of overlapping polarons.

which the two impurity spins, S; and S, are sandwiched between ferromagnetic
layers. The effective interaction, Jeg, can be found from the correlator of the two
impurity spins:

(2.7)

($195) = coth <Jeﬁ) _ 1

T Jof
Figure 2.7 shows the dependence of the effective interaction between two impuri-
ties on their distance obtained by Monte Carlo calculations at various tempera-
tures. With the increase of the distance between the impurities, Ar, the overlap
between the polarons decreases, causing exponential decay of the effective inter-
action. At the temperatures T' ~ J); thermal fluctuations of the polaron shape
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Figure 2.7: Effective interaction between impurities in the same Ti layer.

become important and reduce J.f¢.

So far we neglected interactions between the polarons induced by impurities in
different Ti layers. These interactions are included in the bulk Monte Carlo
simulation. Figure 2.8 shows the dependence of the magnetization on doping cal-
culated in the simulation. At low x the polarons in the antiferromagnetic matrix
of ilmenite are uncorrelated and the total magnetization is zero. As the doping
increases, the average distance between the polarons is reduced, polarons overlap
more and interact stronger. At certain doping z. these interactions give rise to
the ferromagnetic ordering of the polaron magnetic moments, and a nonzero total
magnetization emerges.

Upon further increase of doping, the total magnetization decreases linearly
with z, since the newly introduced impurities align antiferromagnetically with the
spins of Fe layers. Our simulation reproduced the experimental phase diagram,
except for the spin glass phase. Study of kinetics in different phases, required to
identify the spin glass state, is outside of the scope of this study.
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Figure 2.8: Magnetization and magnetic susceptibility (inset) as functions of dop-
ing x, as obtained from the Monte Carlo simulations. Courtesy of A. Scaramucci.

2.4 Polaron in magnetic field and spin flop tran-
sition

A characteristic feature of antiferromagnets subjected to magnetic field is a spin-
flop transition. When an antiferromagnet with easy axis anisotropy is subjected
to magnetic field along the easy axis, the magnetization stays nearly zero up to
certain critical field, at which it suddenly jumps. This jump is a manifestation
of a spin-flop transition and is related to the re-orientation of the antiferromag-
netic moment perpendicularly to the easy axis, so that the spins can cant in
the direction of the field and gain Zeeman energy. The Fe;,,Ti;_,Os has a
non-zero magnetic moment perpendicular to the easy axis, which will be tilted
towards the magnetic field applied along the easy axis. Therefore, at low fields
the magnetization is expected to grow linearly with the field, in contrast with
slower magnetization increase in the undoped system. Furthermore, in the an-
tiferromagnets spin-flop is a result of competition between the Zeeman energy
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(favoring the canted state) on one hand, and the anisotropy and exchange energy
(favoring the collinear state) on the other. In Fey,Ti;_,O3 the interaction of
polaron magnetic moments with the field gives an additional energy gain propor-
tional to the impurity concentration, thus shifting the balance towards the canted
state. This is why the critical field for the spin-flop transition should decrease
with the increase of doping. To obtain the quantitative predictions, we extend
our model by adding a single-ion easy-z-axis anisotropy (term with A) and the
Zeeman interaction with the external magnetic field H,

M= JiSea-Swa+> JiSei1-Se 1+ > JimpSimp - Son

(r,r’), A r A
—AY (S:,)P-H-) S, (28)
r.A r,\

As mentioned above, in the undoped ilmenite the spin-flop transition is a result
of competition of two states: antiferromagnetic state with spins parallel to the
easy axis, and canted antiferromagnetic, with spins almost perpendicular to the
easy axis. While in the former state system gains anisotropy energy, in the latter
it gains energy due to the interaction with magnetic field (linearly in #) while
loosing on the antiferromagnetic exchange energy (quadratically in ) and on
anisotropy energy. The doping changes this energy balance: in the spin flopped
state the system also gains energy on the interaction of the large polaronic mag-
netic moments with the magnetic field. This is the reason for the substantial
decrease of the critical spin-flop field upon the doping (see Fig. 2.9).
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Figure 2.9: The spin-flop transition in the doped system at T = 0 calculated
by energy minimization: dependence of the in-plane magnetization (Mg, panel
(a)) and the magnetization along the easy-axis (M., panel (b)) on the applied
magnetic field.
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Since the anisotropy constant A is of the order of J, [43], the polaron is
significantly deformed at the spin-flop transition, which is why one should go
beyond the rigid polaron approximation. Therefore, the spin-flop dependence of
magnetization on the external magnetic field was calculated by numerical min-
imization of the energy (2.8). Fig. 2.9 shows the results, with deviations from
the linearity being visible. In this calculation we used the model parameters
A =0.001,J) = 1.0, Jimp = 6.0 and J; = 0.06. Fig. 2.10(a) shows the defor-
mation of the polaron in the magnetic field.
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Figure 2.10: The spin polaron deformed by magnetic field H = 0.15.J) applied
along the easy axis. (a) Arrows show spin directions. (b) Dependence of 6 on
the distance from the impurity. The calculation was done for J; = 0.1].J}[, K. =
0.01].7y|.

2.5 Non-isovalent doping: polaronic magnetoelec-
tric effect

Non-isovalent doping introduces charge carriers (electrons or holes) bound to the
dopant. In Fej;,Ti;_,O3 the substitution of Ti*t by Fe leads nominally to
the Fe!T configuration of impurity with two additional holes compared to the
Fe2" ions in FeTiOs. As we discussed in the previous section, magnetic field
applied along the easy direction cants spins, rendering the polaron asymmetric.
Now spins in one layer become slightly more ferromagnetic than in the other
(see Fig. 2.10(b)). The hole density than shifts to the more ferromagnetic layer,
where it gains kinetic energy due to hopping between the sites with parallel spins.
Considerable spatial extent of the hole wave-function leads to large polarizability,
making the polaron a promising candidate for observation of a polaron magneto-
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electric effect. We now proceed to the quantitative description of this effect.
The hole is bound to the dopant by a confining potential, which we model by a
hydrogenic potential
Qe

elr —e3/2|’
where @ is an effective charge, e3 is a primitive translation vector in ¢ direction,
€ is electric permeability. The hole is able to delocalize over the neighboring Fe
sites if an effective Bohr radius is larger than the lattice constant. We describe
the interaction between the carrier and local Fe spins by means of the s-d model:

1
Hsd = Z tl‘,r’w:—gwr’a —+ JH Z w:;.*lf . ST’(/JI‘O'/ (210)

/ ’
r,r’',o r,o,0

Hconf - (29)

where t, .+ is the hopping amplitude, equal to t,, between the nearest neighbors
within the layer, and ¢, for the hopping between the layers; ., is a fermionic
operator annihilating the hole with the spin ¢ at the site r; o is a vector of Pauli
matrices, and Jy > 0 is the Hund’s rule coupling for the holes. Since the Hund’s
rule coupling is generally large (~ €eV), the electron tends to align its average
spin on the site with the local spin on that site, while the hole spin tends to be
opposite to the average on-site spin.

In the limit |Jg| — oo only the state with the hole spin projection on local
spin equal to minus one gets populated, the hole wave function is

Z\I’r' ( sin%‘g ),

— Yr
- COS 2

where 6, is defined in the paragraph above Eq. (2.2). The hopping term in

Eq. (2.10) then takes the form ¢, , cos (9’“%9;) ¢ ¢, where ¢ annihilates the

hole with the projection f% along the average spin at the site r. This essen-
tially means that the hopping amplitude is reduced by the cosine of half angle
between the local spins on the respective bond. Consequently, more energy is
gained on bonds connecting sites with parallel local spins. Therefore the kinetic
energy of the hole is minimized when the local spins in its localization region are
aligned ferromagnetically. In the applied magnetic field one of the layers becomes
more ferromagnetic than the other, therefore the electron density shifts towards
this layer to gain on kinetic energy. This charge redistribution leads to electric
polarization.
The results of numerical minimization of the energy for the model Egs. (2.2),(2.10)

under the applied magnetic field are shown in Fig. 2.11. We used the following
model parameters: Jg = 100].J|, tz,, = 60|J)|, t. = 40|J}|, Qe/ea = 50[.J}].



2.6. Conclusions 29

Figure 2.11: Ground state of the polaron. Gray arrows represent local spins;
red dot marks the position of the impurity; red arrows (not to scale) correspond
to the hole spin density. (a) H. = 0. (b) In the applied magnetic field H. > 0
upper layer becomes more ferromagnetic, and hole shifts there.

We minimize the energy in the first pass starting from the H = 0 state, and
in the second pass - starting from the high-field (spin-flopped) state. Figure 2.12
shows the dependence of magnetization and polarization of the polaron on the
magnetic field along the ¢ direction. Sharp increase of magnetization at H = Hg
corresponds to the spin flop transition. At the same time the polarization drops
to zero. For an estimate, if one could create the material with the Fe impurities

only in odd Ti layers with the doping x = 0.03, magnetic field of 1 Oe would

0—6 uC

induce an electric polarization of 2 - 107° 2>,

2.6 Conclusions

To summarize, we proposed the model of layered antiferromagnets, frustrated
by doping, which seems to capture the essential physics of the ilmenite-hematite
solid solution. Within our model we studied the deformations in the antiferro-
magnetic ordering (magnetic polarons) induced by doping and the effect of the
polarons on the magnetic properties of Fe;;,Ti;_,Os. Large magnetization of
spin polarons already at low doping results in a superparamagnetic behavior of
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Figure 2.12: (a) Dependence of the magnetization of a supercell with a single
polaron (for the 121 formula units supercell) on the magnetic field along the ¢
direction, obtained by the numerical energy minimization. (b) Magnetoelectric
effect: the dependence of the polaron dipole moment on the magnetic field in the
¢ direction.

magnetic susceptibility. Upon further doping the overlap between neighboring
polarons increases and the distortions of antiferromagnetic ordering they pro-
duce mediate ferromagnetic interactions between the magnetic moments of the
polarons. At certain doping these interactions lead to the formation of the insu-
lating ferromagnetic state. Our model calculations reproduce the experimental
phase diagram, and we predict the anomalous spin-flop behavior and the spin-
polaron magnetoelectric effect.

Our study has experimentally verifiable predictions concerning the depen-
dence of the spin-flop field on doping. This seemingly easy experiment can unam-
biguously confirm the presence of polarons and allow for the direct measurement
of their magnetic moment.

The polaron magnetoelectric effect is harder to measure since FeTiOj is cen-
trosymmetric is present and so on average is Fe;1,Ti;_,Ogs. In other words, the
magnetoelectric effects of polarons formed around the impurities in the odd and
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even Ti layers cancel each other. A net magnetoelectric effect could originate,
for example, from the dimerization, resulting in different exchange constants J
through even and odd Ti layers (we have not yet found a suitable material). But
even in the inversion-symmetric case the magnetoelectric effect of single polarons
should lead to anomalies in magnetodielectric response.

2.7 Appendix I: symmetry of the ground state

Here we present a rigorous proof that under the conditions of the model Eq.
(2.1) the deformations distribute symmetrically between two layers adjacent to
the impurity.

Consider arbitrary spin configuration (a) with the spins at the r — oo aligned
along the easy axis. To prove the statement, we construct another configuration
(b), where rotation is distributed equally between the layers and show that the
energy of this configuration is always smaller or equal to the one of the configura-
tion (a) (for symmetric configuration (a) the configuration (b) will be the same,
and so their energies will be equal).

Yy 02
— T—¢ — a1 —(0+9¢)/2

(a) (b)

Figure 2.13: An arbitrary (a) and the symmetrized (b) configurations.
Energies of the two configurations are (vector ¢ connects nearest neighbors)
E,=—-J, Zcos[@r —(m—ér)]—

J) Z (cos(0, — Or45) + cos(pr — Pris))  (2.11)

rd

Eb:le;cos {W(ﬂ'er;%)} -

J” Z2COS <6.r '; ¢r B 9r+5 ';‘ ¢r+5> (212)
rd
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The first sums in these two expressions are the same. The difference of energies

Eo — By = —Jj Z [COS(GT — 0py5) +cos(@r — dris) —

rd
92 cos (97‘ +¢r . €r+6 +¢r+5):| _

2 2
—Jj ZQCOS <9T = s —g br ¢r+5> X
0
{cos Or = Orss _2(¢T —dris) _ 1} (2.13)

The term in the square brackets is always negative and the argument of the first
cosine is a sum of partial rotations from 0 to m between the adjacent spins, which
is smaller than the total rotation angle (equal to 7), and so the argument of the
cosine is smaller than /2 making the cosine positive. So F; — E5 > 0, mean-
ing that the energy of the “symmetric” configuration (with rotation distributed
equally between 2 layers) is always smaller.



Chapter 3

Large-period solitonic lattice in the rare
earth orthoferrite TbFeQO;

Abstract

Magnetic phases of rare earth orthoferrites have been studied for more than
four decades, in part because of the unique magneto-optical and magneto-
acoustical properties of these materials [48, [49]. Here we study the recently
discovered novel magnetic state in terbium orthoferrite observed by neu-
tron diffraction under an applied magnetic field that had escaped previous
scrutiny. This state has a very long period of ~ 3404 incommensurate with
the crystal lattice. The anomalously large number of observed higher-order
harmonics allows us to identify this state with the periodic array of sharp
domain walls in Tb spin ordering separated by many lattice constants. We
discuss phenomenological and microscopic origins of this highly unconven-
tional magnetic ordering and point at the mathematical equivalence between
the coupled system of rare earth and transition metal spins and the theory
of a massive scalar field that carries Yukawa-type interactions between ex-
tended charged objects.

3.1 Introduction

Materials with magnetic transition metal and rare earth ions show a variety of
spectacular effects originating from the coupling between the two spin subsys-
tems. The transition metal spins interact stronger and order at higher tempera-
tures than the spins of rare earth ions, but they are also much less anisotropic,
which is why their orientation can be controlled by the rare earth magnetism.

*This study was motivated by the experimental discovery of the incommensurate phase in
TbFeOs made in the group of D.N. Argyriou. The paper was submitted to Nature Materials,
preprint: http://arxiv.org/abs/1103.4275.
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Such re-orientation transitions, observed in many ferrites, chromites and man-
ganites, have a profound effect on magnetic, optical and elastic properties of these
materials [48H50].

More recently it was realized that interactions between transition metal and
rare earth spins also play an important role in multiferroic and magnetoelectric
materials [5IH53]. Thus the coupling between the Mn spins forming a spiral state
in the multiferroic TbMnO3 and the Ising-like Th spins leads to a significant
enhancement of the electric polarization induced by the spiral [54][55]. An order of
magnitude larger polarization observed in the gadolinium orthoferrite, GdFeOs,
is induced by coexisting but independent magnetic orders of Fe and Gd magnetic
sublattices, which together give rise to a polar lattice distortion [9], while in
DyFeO3 the same mechanism results in one of the strongest linear magnetoelectric
responses observed in single-phase materials [56].

TbFeOs is an orthorhombic perovskite with Pbnm space group. Approx-
imately at Tn(Fe)= 650 K G-type antiferromagnetic ordering of Fe spins with
weak ferromagnetic component sets in (G, F, in Bertaut notation [57], see Fig. 3.1c).
On cooling in zero magnetic field TbFeOs undergoes two successive transitions
driven by Tb-Tb and Th-Fe interactions [58] [59]. The ordering of Tbh spins at
Tx(Th)~8.5 K appears simultaneously with a rotation of Fe spins in the ac plane,
so that below 8.5 K both Fe and Tb spins have ferromagnetic components along
the a axis, while their antiferromagnetic components are orthogonal to each other.
The magnetic configuration of this intermediate temperature (IT) phase is F,,G.,
for Fe and F,Cy, for Tb (see Fig. 3.1b). However, below ~ 3 K there is another
spin re-orientation transition, which flips the Fe order back to its high temper-
ature G, F, order, while the Tb spins order antiferromagnetically in the A;G;
state (see Fig. 3.1a).

3.2 Experiment

Magnetic phases of ThFeO3 were studied by the group of D. N. Argyriou at
the Helmholtz Centrum (Berlin) using neutron diffraction under a magnetic field
applied along the c axis. In zero magnetic field the sequence of the re-orientation
and inverse re-orientation transitions, described above, is observed.

A series of field-cooled measurements was performed in various fields, while
monitoring accessible A- and G-type reflections. In Fig. 3.2(a) the temperature
dependence of scan along k around the A-type (001) reflection is shown. At
high temperatures this reflection is absent as there is no order of an A-type
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Figure 3.1: Magnetic ordering of Fe3* (brown spheres) and Th3* (blue spheres)
ions in the three uniform phases of TbFeOg: the LT phase (panel a), the IT phase
(panel b) and the HT phase (panel c). Also shown are the corresponding order
parameters, irreducible representations and experimental values of magnetic mo-
ments [58]. The various types of magnetic order depicted here are labeled as F
for a ferromagnetic ordering, G for a the two-sublattice antiferromagnetic Néel
state, A for ferromagnetic ab planes stacked antiferromagnetically and C for fer-
romagnetic chains parallel to the ¢ axis coupled antiferromagnetically.

component for either the Fe or Tb magnetic sublattice. However, on cooling a
series of refections appears below 3.8 K, that merges into a single peak at 2.8 K.
Examination of the wavevector of these reflections easily establishes that they
are odd harmonics of up to 11th order, and the wavevector of the 1st harmonic
is Q = (0,¢,1) with € ~ 0.015 r.L.u. [see Fig. 3.2(b)]. The width of these peaks
gives the coherence length of ~700 A, and the incommensurate periodicity of
approximately 67 units cells or 340 A.

The physical significance of these observations is that the Tb magnetic order in
hl|c field develops a square-wave modulation — a periodic array of widely separated
domain walls !. In the modulated A-state, Tb spins form ferromagnetic stripes

There by domain wall we mean a kink in the order parameter appearing within a single
modulated phase, rather than a real boundary separating two different domains.
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Figure 3.2: Single crystal neutron diffraction intensity measured along (0,k,1) in
reciprocal space on cooling and in a magnetic field parallel to the ¢ axis of h|lc =
2 T . (a) Temperature-dependent neutron diffraction intensity. White circles are
positions of the first harmonic reflection computed by fitting the diffraction data
at each temperature to Gaussian peak profiles. (b) Neutron diffraction intensity
measured at 3.3 K (blue dots) with the harmonics labeled. The continuous line is
a fit of a sum of Gaussian peaks to the data. (c) Scans measured at 2.8, 2.6 and
2.1 K show the transition from the IC phase to the LT’ phase. At 2.8 K the various
higher harmonic reflections are clearly evident, while at lower temperatures they
merge together. At 2.1 K the diffraction peak is best approximated by a single
Lorentzian peak (red continuous line). A Gaussian peak is shown as a dotted
line for comparison while the horizontal black bar represents the resolution of
the instrument. The inverse width of the Lorentzian peak corresponds to the
average distance d between neighboring domain walls (see text). The temperature
dependence of d determined from the lower temperature data is shown in the
insert of panel (c).
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in the ab planes with the width 170 A along the b axis. The a component of
magnetization alternates from stripe to stripe, while the stacking of spins along
the ¢ axis is antiferromagnetic. Investigation of an Fe G-type reflection under
the same condition suggests that Fe-spins are weakly perturbed by this unusual
Tb-order.

On cooling below 2.8 K Fig. 3.2(a) would indicate that the Th modulation
abruptly disappears and the Tbh subsystem returns to the zero field state with the
uniform A} G, order. However, closer inspection of the diffraction data indicates
that the (001) reflection on cooling does not yield a simple Gaussian peak shape
but rather a Lorentzian one. Below, we argue that the Lorentzian peak shape
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Figure 3.3: The magnetic phase diagram of TbFeOsz determined from neu-
tron diffraction data (shown as circles) and capacitance and loss measurements
(shown as triangles) that are described in the supplementary information (see
Fig. S2-S5). In the insert we show the temperature dependence of the modula-
tion wavevector € measured in an applied magnetic field pgH, = 2 T. The blue
line is the fit obtained using the theoretical description of the IC state in terms
of the periodic kink array.



38 3. Large-period solitonic lattice in the rare earth orthoferrite TbFeOs

below 2.8 K is indicative of domain wall disordered phase that we refer to as LT".

The transitions that are evident in the neutron data are correlated with
anomalies in both the capacitance and loss data, which enabled us to construct
the phase diagram shown in Fig. 3.3.

3.3 Theory

In this section we discuss the nature of interactions stabilizing such an unusual
periodic domain wall array and holding the domain walls at large distances from
each other. We start by formulating the phenomenological theory based on the
symmetry of the crystal. Magnetic order parameters transform according to one-
dimensional irreducible representations of the crystal symmetry group (see Table
3.1).

Well below Tx(Fe)~ 650 K the magnitude of the ordered antiferromagnetic
moment of the Fe subsystem is independent of temperature, while its direction
in the ac plane described by the angle 6 can significantly vary due to the low
magnetic anisotropy of the Fe?* ions. In our notations & = cosf is the order
parameter of the G, state (transforming according to 'y irreducible representa-
tion, see Table 3.1), while & = sin 6 (of I's symmetry) describes the G, ordering.
The free energy density of the Fe subsystem is

2
fre = g (ZZ) +§sin29—h0089, (3.1)
where the first term describes the exchange between Fe spins along the b axis,
the second term is the magnetic anisotropy, which for K > 0 favors the G, order,
and the last term is the Zeeman interaction with the magnetic field H, in the
G I, state.

The free energy of Tb spins is expanded in powers of the order parameters
71, describing the zero phase LT state with antiparallel Tb spins in neighboring
ab layers (I's symmetry, Fig. 3.1a), and 7, describing the IT state with parallel
Tb spins in neighboring layers (I'y symmetry, Fig. 3.1b):

f o= @ dm 2+Cz dns 2+a1 2, 92 o
™ = 5 dy 2 \ dy 2771 2772
by b12 bo
+ Zn‘f + 717%175 + Zn;‘ ... (3.2)

For A = as — a; > 0 the Tb subsystem would order in the state with 7, # 0
below some temperature Ty, at which a; = 0. However, the interaction between
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Fe Tb Mg | My | M,
Ty | 4.G,C. | CL | + | + | +
Ly | F.C,G. | F,C | + - -
I's | C,F,A, | C. Fé — + —
Iy | GZA,F, F! — — +
I G;A; — — —
Ts Al — |+ | +
Iy G, + - +
I's Al G; + + -

Table 3.1: Transformation properties of representations of Pbnm space group
under the three generators of the group: the two glide mirrors, m, : (z,y,2) —
(1/2—2,1/2+y,2z) and 7y, : (2,y,2) = (1/2+2,1/2—y,1/2+ %), and the mirror
m;: (x,y,2) = (x,y,1/2 — 2).

the Th and Fe spins favors the IT state with 72 # 0 and 6 = +7, in which
both subsystems have a ferromagnetic moment along the a axis. Since 72 and
&5 = sin  transform in the same way (according to I'y irreducible representation),

this interaction is a linear coupling,

fre—Tb = —A&21p2. (3.3)

For A2 > AK, the ‘unnatural’ IT state with parallel Tb spins in neighboring
layers and Fe spins rotated by 90° away from the easy axis, intervenes between
the states with the ‘natural’ orders of Fe and Tb spins. In this way one obtains
the zero-field phase diagram of TbFeOs [58] 60].

In addition, we consider the so-called Lifshitz invariants linear in order pa-
rameter gradients of the form

I's0, 'y —T'20,1's, (3.4)
or, more specifically,

fr =91 (mOy&a — &20ym1) + g2 (MmOyn2 — M20ym ) , (3.5)

which favor the experimentally observed periodic spin modulation along the b
axis. Similar terms inducing modulations along the a and c¢ axes are forbidden
by symmetry (see the supplemental material). Minimizing the total free energy
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— the sum of Eqgs.(3.1-3.5) — we obtain the phase diagram shown in Fig. 3.4a,
which includes a narrow incommensurate phase region, which we identify with
the IC phase revealed in our neutron data.

We note that the rotationally symmetric scalar products,

A-9,F-F-9,A' and G 9,C—C-0,G (3.6)

where e.g. A’-0,F = A - 0,F, + A} - 9,F, + A, - 0,F., are also invariant
under all transformations of the Pbnm group showing that the coupling between
inhomogeneous rare earth and transition metal magnetic orders can originate
from Heisenberg exchange interactions [55].

It is important to stress the difference between the IC state in TbFeO3 and
the long period spin spirals in non-centrosymmetric magnets, also described using
Lifshitz invariants [61]. First, the crystal lattice of TbFeO3 is centrosymmetric
(inversion symmetry is only broken in the LT phase by the Tb spin ordering).
Equation (3.5) is the interaction between two distinct magnetic phases: the LT
Tb state (odd under inversion) and the IT phase (even under inversion). It
is only effective close to the boundary where these two phases have equal free
energies, which is why the IC state is observed in a very narrow region of the
phase diagram.

Second, spirals in non-centrosymmetric magnets result from the relatively
weak spin-orbit coupling [61] T9]. On the other hand, the coupling Eq.(3.5) likely
originates from a stronger Heisenberg exchange: in the supplemental material we
give symmetry arguments showing that the exchange interactions between the
Tb and Fe spin orders varying along the b axis do not cancel. Furthermore, the
coupling between two Tb order parameters [the second term in Eq.(3.5)] resulting
from interactions between rare earth spins separated by relatively long distances,
is expected to be much weaker than interactions between the Th and Fe spins
described by the first term (in our calculations go = 0).

Third and most important, the observation of the large number of Fourier
harmonics in the IC state of ThFeO3 shows that this state is qualitatively dif-
ferent from a magnetic spiral with slowly varying spin vectors. To account for
the difference between the isotropic Fe spins and the Ising-like Tbh spins [59] 62],
we assumed that c¢1,co < ¢ and allowed for 40 harmonics in the periodic mod-
ulation of order parameters when we minimized the free energy. The resulting
incommensurate state is shown in Fig. 3.4b. While the angle 6 describing the Fe
spins undergoes small amplitude fan-like oscillations around zero, corresponding
to the oscillations of the weak ferromagnetic moment of Fe ions around the ap-
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Figure 3.4: (a) Magnetic phase diagram of the Landau model of ThFeO3 includ-
ing the Fe-Tb interaction described by the Lifshitz invariants Eq.(3.5). The pa-
rameters used to obtain this phase diagram are: A = 0.5, K = 0.125, A = 0.275,
by =by=1.0, b12 =24, gy =0.187, g =0, ¢ =1, and ¢; = ¢ = 0.01. (b) The
y-dependence of the Tb order parameters, n; (red line) and 7, (green line), and
the angle § measured in radians (blue line) describing the fan-like rotation of Fe
spins in the IC state with the period L = 340 A.
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plied magnetic field H||c, the low-temperature Tb order parameter 7); exhibits
sudden jumps.

To understand the nature of the force that holds these atomically sharp do-
main walls at distances of ~ 170 A from each other, we (briefly) discuss an
interesting field-theoretical interpretation of the coupled system of rare earth
and transition metal spins. Consider a single domain wall located at y = 0 where
the Ising-like LT order parameter 77 shows a discontinuous jump from —|n;| to
+|m| or vice versa (see Fig. 3.5a). Such a kink can be assigned the topological
charge @ = (n1(+00) — m(—00))/2|n1| = £1. The free energy per unit area of
the domain wall is the ‘bare’ energy F' DOW resulting from interactions between Tb
spins plus

Fy = —200(0)Q + %/dy [c (32) b (K 1 h) 62|, 3.7)

where the first term is the Lifshitz invariant Eq.(3.5) (g = 2g1|m| and go = 0),
describing the interaction between the Th and Fe spins, while the second term is
the free energy of Fe spins for |0] < 1. Equation (3.7) can be interpreted as an
energy of a charged plane with the surface charge density g@ interacting with the
field 8, which describes spin waves in the Fe magnetic subsystem. Minimizing Fy
with respect to 6(y), we obtain the distortion in the Fe spin ordering produced
by the Th domain wall, (y) = Q9 i (see Fig. 3.5a), which reduces the

v c(K+h) €

domain wall free energy:

2
g
Fpw = Fiyj), - NZEEDh (3.8)

When Fpyw becomes negative, the domain walls tend to condense. Their den-
sity is, however, limited by the effective long range repulsion between the domain
walls resulting from the exchange of magnons. This interaction is analogous to
the pion-mediated Yukawa force between protons and neutrons in nuclei [63)].
The sharp domain walls in the Tb spin subsystem play the role of nucleons, while
magnons propagating through the Fe spin subsystem play the role of massive
pions. The analog of the pion mass is a small gap in the magnon spectrum,

which limits the range of this interaction by the length [ = much larger

Ve
than the lattice constant. This Yukawa-like force attracts equal ‘electric’ charges
and repels opposite ones. Since the topological charges of domain walls alternate
along the b axis, neighboring domain walls in a periodic array have opposite ‘elec-

tric’ charges, resulting in net repulsion. The interaction between two neighboring
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domain walls located at y; and ys2 [see Fig. 3.5(b)] is

g2 _ \92;y1|

U(yg—y;[):\/ﬁ@ ,

and the total ‘electrostatic’ free energy of an array of domain walls with the
charges {Q,} alternating along the b axis (including the ‘self-energy’ of the
charged surfaces) is given by

(3.9)

Fop=— Z QnU(yn - ym)Qnm (310)

where v, is the position of the n-th kink. Minimizing the free energy density for
an equidistant array of kinks (see Fig. 3.5(c)), we obtain the optimal period of
the incommensurate state. Its temperature dependence fits well the experimental
data above 2.8 K, as shown in the inset of Fig. 3.3. The length scale for the period
of the IC state, set by [ ~ 150 A, is essentially the thickness of the domain wall in
the antiferromagnetic ordering of Fe spins, even though such walls are not present
in the IC state. Thus the long period of the IC state of Tb spins originates from
the large stiffness and low magnetic anisotropy of the Fe magnetic subsystem.

Figure 3.5: (a) Domain wall (kink) in Tb ordering (red line) and the angle 6
(blue line) describing the perturbation of Fe spins near the domain wall; (b)
kink-antikink pair; (c) periodic array of domain walls with alternating charges.
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So far in our considerations we did not take into account crystal imperfections,
which result in pinning of the domain walls and destruction of the long range
incommensurate ordering. The inset of Fig. 3.3 shows that the average distance
between the Tb domain walls grows as temperature decreases. This weakens the
magnon-mediated interactions between the domain walls and increases the role
of disorder. For randomly positioned domain walls the correlation function of the
A-type Tb order parameter decays exponentially with the distance: (A(y)A(0))
e 2lWl/d where d is the average distance between the walls, resulting in a broad
A-type reflection with the Lorentzian shape, which fits well our neutron data for
T < 2.8 K and poH,. > 0.5 T. This explains the origin of the LT’ phase in the
experimental phase diagram Fig. 3.3.

3.4 Conclusions

We derived the Landau theory of rare earth orthoferrites, and showed that the
exchange interactions between the rare earth and iron sublattices lead to frustra-
tion. If sufficiently strong, these interactions, having the form of Lifshitz invari-
ants, can stabilize peculiar modulated states with sharp kinks in the rare-earth
magnetic ordering, interacting through the smooth distortions in Fe ordering.
These repulsive interactions between the neighboring kinks result in large pe-
riod of the modulated structure. Another remarkable feature of the solitonic
array in TbFeOg is its weak ferromagnetic moment, which is responsible for the
stabilization of the state under applied magnetic field.

The tantalizing suggestion from our work is that periodic domain wall arrays
may be present in other orthoferrites and orthochromites. Lifshitz invariants sim-
ilar to Eq.(3.5) are certainly allowed by symmetry in multiferroic materials, such
as GdFeOg, where electric polarization is induced by a transition metal spin or-
der (even under inversion and weakly ferromagnetic) coexisting with a rare earth
spin order (odd under inversion) [9]. Long-ranged interactions between domain
walls in these two orders resulting from such invariants can have strong effect on
switching of the spontaneous electric polarization with an applied magnetic field
and vice versa.



Chapter 4
Coupled domain wall motion in GdFeOs

Abstract

The possibility to switch an electric polarization by a magnetic field (and
a magnetization by an electric field) is crucial for practical applications of
multiferroic materials. In multiferroic perovskite GdFeOs the polarization
is proportional to the product of two magnetic order parameters, one of
which describes the weakly ferromagnetic ordering of Fe spins and therefore
can be reversed by the magnetic field. Another order parameter, describing
the purely antiferromagnetic ordering of Gd spins, on the contrary, should
not be influenced by the applied magnetic field. Thus one expects the po-
larization to be reversed as the magnetic field is swept through zero. In the
experiment, however, the polarization reversal is not observed [J].
Switching of the order parameters in the bulk involves the propagation of
domain walls. Thus the switching of the magnetization by an electric field
in multiferroics requires the coupled motion of interacting ferromagnetic
and ferroelectric domain walls. We study interactions between the domain
walls in Gd and Fe magnetic ordering, model their motion and explain how
the drag of the domain walls in the Gd ordering by the magnetic field-driven
domain walls in the Fe spin ordering can explain the incomplete polarization
switching.

4.1 Introduction

Magnetic domains are at the heart of the modern information storage technology.
Manipulation of domains in data storage devices is achieved by driving currents
through miniature electromagnets, which leads to the excessive heating of the
devices, preventing further increase of the information density [64]. Multiferroic
materials offer a unique opportunity to manipulate magnetic domains by electric
fields, which was demonstrated in GdFeOg3 by the seminal work of Tokunaga et al.

This project was performed in the collaboration with K. Duivenvoorden.
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[9). In this material electric polarization is proportional to the product of the
order parameters describing the magnetic orders of Gd and Fe ions. The Fe spins
are ordered antiferromagnetically with a weak ferromagnetic component in the
crystallographic ¢ direction, which allows to reverse their ordering by reversing an
applied magnetic field while the purely antiferromagnetic ordering of Gd spins
should stay unaltered under the field reversal. However in the experiment a
polarization, although changed significantly, was not reversed, indicating that
the Gd order does change greatly upon the magnetization reversal. Moreover,
the reversal of the applied electric field did not reverse the magnetization, but
changed it only slightly.

To switch an order parameter at once in the whole volume of a material
one needs to overcome the anisotropy barrier which scales as a volume. Much
energetically cheaper way is to create a domain wall (DW) on the boundary
(DW energy scales as a cross-section area) and propagate it through the volume.
That’s why the switching in the samples larger than the domain wall width (in
which the domain wall fits) is facilitated by the domain wall motion.

Then the magnetic field is applied to the GdFeO3 sample, domain walls in
Fe ordering move in such a way that the domains with a weak ferromagnetic
moment along the field grow. On their way Fe DWs might be capable to drag
Gd DWs. Since purely AFM ordering of Gd can not be reversed by sweeping the
magnetic field, the drag of Gd DWs by Fe DWs seems to be the only explanation
for the experimentally observed change in Gd ordering.

Although the dynamics of magnetic domain walls driven by applied magnetic
fields or currents has been extensively studied both theoretically and experimen-
tally [65H67], little is known about the dynamics of DWs of one kind driven by
the interaction with moving DWs of another kind. Although seemingly com-
plicated, this mechanism is at the heart of switching in multiferroics, and thus
could be very important for future applications. New nonlinear phenomena such
as the creation, drag and annihilation of DWs of one kind induced by the DWs
of another kind should be understood in order to explain and exploit the mag-
netoelectric switching in multiferroics. Here we present (to our best knowledge)
the first study addressing the multiferroic switching, that is a change of one order
parameter induced by the driven switching of another.

In this chapter we aim to derive the equations of motion of interacting fer-
roelectric and weak ferromagnetic domain walls in GdFeOg and show how their
interaction can lead to simultaneous switching of (non-interacting in the uniform
state) magnetic order parameters of Gd and Fe sublattices. The reminder of this
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chapter is structured as follows. In the sec. 4.2 we use the microscopic symme-
try considerations to derive the phenomenological theory describing interacting
non-uniform orders in GdFeQOgs. This allows us to obtain an effective model of
interacting ferroelectric and ferromagnetic domain walls (sec. 4.3). We study the
dynamics of this model by a variational method in sec. 4.4 and check our ana-
lytical results performing the numerical simulations in sec. 4.5. We conclude by
discussing the relevance to the published experimental data and possible further
experiments in the sec. 4.6.

4.2 Symmetry analysis

The orthoferrite GdFeOs has a distorted perovskite crystal structure (space group
Pbnm, [68]) with 8 magnetic ions in the unit cell: four Fe3* ions (d°, S =5/2, L =
0) and four Gd** ions (f', S = 7/2,L = 0), as shown in Fig. 4.1. Table 4.1
shows irreducible representations of this symmetry group and the transformation
properties of all the possible magnetic order parameters with a zero wavevector.

Figure 4.1: The unit cell of GdFeO3 with four Fe ions in green (marked 1,2,3,4)
and four Gd ions in violet (1’,2,3' 4’). For simplicity, the oxygen ions are om-
mitted. The arrows show the directions of magnetic moments observed below

2.5 K [69, ].

Below the Néel temperature T5¢ = 661 K, Fe spins order antiferromagneti-
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Fe Gd My | My | My
I | AGC. | O |+ |+ |+
Ly | F.C,G, | F,C | + - -
[y | ColyA, | CLF, | — + -
Ty | G AF. | F. | — | — | +
I's GLA, | — — —
L' AL - |+ |+
T, G, |+ | - |+
I's ALGL |+ + -

Table 4.1: Irreducible representations of Pbnm space group and transformation
properties of order parameters under the three generators of the group: the
two glide mirrors, m, @ (z,y,2) = (1/2 —2,1/2 + y,2) and my : (2,y,2) —
(1/242,1/2—y,1/2+z), and the mirror m, : (z,y,z) = (z,y,1/2—z), notation
from [70].

cally [T1] (GzA, in Bertaut’s notation [57]) with a weak ferromagnetic moment
(F.). This ordering has I'y symmetry (Table 4.1). Below 2.5 K, the Gd spins
also order antiferromagnetically G’ [72] (prime denotes that the order parameter
describes Gd magnetic ordering). G/, ordering transforms according to I's irre-
ducible representation and breaks inversion symmetry. In this state GdFeOg is an
improper ferroelectric — the symmetry-allowed term in the free energy density

fp= UPPZG;CG; (4.1)

leads to a polarization in the c-direction, P, = —88% = npG,G.,. This means

that the domain wall in G, order is also a ferroelectric domain wall. At the do-
main wall in G, order both the weak magnetization and polarization change sign,
which is why in ref. [9] this domain wall is termed the multiferroic domain wall.
If a domain wall in G, is accompanied by a domain wall in G/,, the polarization
across this composite domain wall does not change.

Another important symmetry-allowed term, linear in the two order parame-
ters, is the Lifshitz invariant

fL = nLGzazG/z' (42)

This term allows for a simple microscopic interpretation. The Fe ion is surrounded
by the 8 antiferromagnetically-ordered Gd ions (Fig. 4.1). If their antiferromag-
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netic ordering is uniform, the effective fields they produce on Fe mutually cancel.
However, if G, order parameter is modulated, the exchange fields produced by the
neighboring Gd ions do not cancel each other anymore, and the resulting effective
field is proportional to the derivative of the Gd order parameter, HI'® ~ 0.G".
This is described by the term F,0.G., in the free energy density, or the term
Eq. 4.2 of the same symmetry. This interaction, if sufficiently strong, can even
stabilize a modulated state [73].

Even if this term is not strong enough to induce a modulation (to our best
knowledge, no evidence for a non-uniform state in GdFeO3 exists so far), it is still
capable of inducing an interaction between the domain walls in the G, and G,
orders. In particular, from Eq. 4.2 it follows that a domain wall in Gd ordering
gives rise to an effective field 9.G/, acting on an iron order parameter and vice
versa. The Lifshitz term can, therefore, be responsible for the clamping of the
domain walls in G, and G, orderings.

4.3 Model

The dissipative magnetization dynamics is described in the Lagrange framework
by equations [67]

0L _OR (4.3)
5L §L

Here L denotes an order parameter, L = Ly, + Lga + Lins is the Lagrangian
of a coupled Fe-Gd system, including the Lagrangian for Fe spins, Gd spins and
the term describing their interaction, respectively; R is the Rayleigh’s dissipation
functional (proportional to the entropy production rate), describing the spin re-
laxation. Eq. (4.3) allows to calculate the time evolution of the order parameters.

The action for the Fe spins consists of the kinetic (T") and potential (U) parts:
Lre = f dV [Tre — Ure], where the integration goes over the sample volume. The
kinetic part T, is given by [67 [74]

4
Os;
Tre =Y hA(si) 7; : (4.4)
=1

where s1, ..., 84 represent the spin density from different Fe ions in the unit cell,
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and the vector potential A4 obeys Vg, x A(s;) =s;. The potential energy

a1 2 | 42 v o | A3 o
Ure = —F23 2A215C
F gt T ATt

Lor (OEYY o (9GN" e (AN cc (OC\
2 \ 0z 2 \ 0z 2 \ 0z 2 \ 0z
Ky

—?Gi +d1F,G, — dyF.G, + d3A,G,

—dy A, Gy + d5C,G. — deC.G, — FH (4.5)

is the sum of the exchange terms (with a; and ¢;), the easy z-axis anisotropy
(term with k), the Dzyaloshinskii-Moriya interactions (terms with d;) and the
coupling of the weak ferromagnetic moment to the applied magnetic field H (the
last term). Here we neglect the magnetic anisotropies for the order parameters
F, A and C and the possible couplings between them. This is justified since
the order parameters F, A, C are small compared to G. The first seven terms
originate from the exchange interactions between the spins in the unit cell and are
thus assumed to be of the same order of magnitude, i.e. all A; and c2a; are of the
same order of magnitude, where c is the lattice constant in the z-direction. In the
following we are considering planar domain walls perpendicular to the z-axis, for
which the exchanges along the x and y directions are not important and are thus
dropped. The exchange constants a;, ¢; and anisotropy constant k, are assumed
to be positive to ensure the G, order of Fe spins. The terms proportional to
d; originate from the relativistic Dzyaloshinskii-Moriya interaction and thus are
small: d; < a;. The terms with d; and dy result in weak ferromagnetism.

The Lagrangian Lgq for the Gd spins has a similar form except that in Ugq
the di, ds, d5 and dg-terms are not allowed by symmetry.

The interaction between the Fe and Gd subsystems is described by the La-
grangian Lins = [dV(—fL — fp).

The dissipation functional has the form

4 2 2
_ e (ds; I'qq [ ds]
R_/dvg 2 (dt)+ 2 (dt ’

where si, ..., s} represent the spin density from different Gd ions in the unit cell.

4.4 Variational solution

In the limit of zero interaction between Fe and Gd sublattices, Ly = 0, Eq. (4.3)
is solvable analytically and with the appropriate boundary conditions results in
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the following shape of domain walls in G, and G!, orders:

z— z1

G, = g¢G%tanh o (4.6)

zZ — Z9
U

G, = ¢G"tanh (4.7)

C

where g and ¢’ are the topological charges of the domain walls, A ~ , /72 and

DS \/;j? denote the widths of the two domain walls and G and G’ 2 denote
the magnzitude of the order parameters in the uniform state. ¢ and kf, are,
respectively, the Heisenberg exchange constant and the easy-axis anisotropy for
Gd spins. If Gd-Fe interactions are strong, they could lead to non-trivial effects,
such as the creation of Gd domain walls. Here we consider the limit of weak
Fe-Gd interactions, in which they don’t change the shape of the domain walls
significantly. In this limit we can plug the Ansatz Eq. (4.7) in Eq. (4.5), integrate
over the sample volume and using Eq. (4.3) obtain the equations for the positions
of the domain walls z; and z»:

mz +T% = gH,G%sinf + Fiy, (4.8)
_Fintu

m'Zy + T 29

where the dot above a variable denotes the time derivative. These equations are
analogous to the Newton’s equations describing the motion of interacting massive
(Cj\%‘)z and m’ = 2(§:%22 are the masses of the
two domain walls, while I' = $G% and I = %G’ 9 are the friction coefficients.

particles with friction. Here m = 2

The angle 6 describes the canting of the Fe spins from the z axis in the uniform
state (measured to be 2 0.01 rad [75)]) and Fj, is the force with which one domain
wall acts on the other. Furthermore, I and I are the Gilbert damping parameters
describing the energy dissipation of the Fe and Gd spins. From eqgs. (4.8-4.9) one
can see that in antiferromagnets domain wall mass is inversely proportional to
its width [76] [77].

We consider the interaction Lagrangian, Line, (cf. egs. (4.1),(4.2)):

Lint == 7\/dv [nLG/zasz + nPEzGIG;] . (410)

The energy per unit cell of two interacting DWs due to the Lifshitz term can be
estimated by 1.,cGL9,G, ~ nLG2Gc/\. Given the Gd-Fe exchange ~ 93 mK
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Figure 4.2: The domain walls in Fe and Gd antiferromagnetic ordering and an
effective field on G/, order parameter, H., produced due to the presence of the
domain wall in the Fe ordering.

[78] and the G, domain wall width of A/c & 30 unit cells, we get the interaction
energy density of 1.3 mK/unit cell. This value is small compared to the energy
density in the domain wall ~ 6 mK/unit cell [72] [79]. The energy density due
to the interaction with the electic field is even smaller. Thus the shape of the
domain walls is not affected significantly by the interaction between the domain
walls and can be approximated by eqgs. (4.6)-(4.7).

The dependence of the potential energy on the distance between the domain
walls in G, and G!, can now be found from eq. (4.10). Since the exchange field
between Gd ions (~60 mK, [78]) is much smaller than that between Fe ions
(~24 K), while the anisotropy constants are comparable, the width of a DW in
the Gd ordering is at least an order of magnitude smaller than that in the Fe
ordering. Performing the integration in eq. (4.10) over the z-coordinate we get
for the interaction potential to the leading order in the small parameter A’ /\:

Vint = 277ng’G;oGg tanh (21122> - 277ng/EZG;OGg In cosh (21;22) :
(4.11)
These potentials, plotted in Fig. 4.3, result in an unusual interaction between
the domain walls in Fe and Gd magnetic ordering. As depicted in Fig. 4.2, the
DW in Fe ordering induces an effective field H. on the Gd order parameter. The
Gd spins gain energy in this effective field only if the Gd DW stays to the right
from the Fe DW (provided that the topological charges of two DWs are equal,
g = ¢'). If the G, domain wall shown in the Fig. 4.2 is driven by the applied
magnetic field to the right, the domain wall in G/, ordering can be carried along.
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Figure 4.3: The sketch of the Lifshitz invariant-induced (a) and E,-induced (b)
contributions to the interaction energy between the domain walls in G, and G,
ordering of positive topological charge g = ¢’ = +1 depending on their relative
distance.

This gives an opportunity to move the purely antiferromagnetic domain wall in
G!. using the magnetic field.

The second term in the r.h.s. of eq. (4.11) gives rise to an even potential
between domain walls in Fe and Gd ordering. For |23 — 21| > A this potential
grows linearly with the distance between the domain walls. That is natural, since
in the electric field E, the energy of the ferroelectric domain contained between
the walls grows linearly with its size.

From eq. (4.8) we get the velocity of the domain wall in the Fe ordering:

H.GY%sinf
Vpe — ————.
r
The domain walls in the Fe and Gd orderings are clamped and moving together
(see Fig. 4.4, bottom row), if

277L r
H. < \GOsind (r' - 1) : (4.12)

Their velocity is
H,GYsinf
Uclamp = W?
and the largest velocity the clamped domain walls can reach, as the magnetic
field is increased, is

vclamp - ATV .
If the magnetic field exceeds the upper value set by the eq. (4.12), the coupling 1y,
is not inducing a sufficient velocity for the Gd domain wall to follow the domain

max 2£
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wall in the Fe ordering, and therefore the Gd DW is eventually left behind (see
Fig. 4.4, two upper rows).

4.5 Numerical simulations

In the above calculations some simplifications have been made, in particular,
we assumed that the shape of the DWs is not significantly affected by their
interactions. To check how sensitive our results are to the violation of these
assumptions, we performed numerical simulations of motion of interacting domain
walls by solving a discrete version of the Landau-Lifshitz-Gilbert equations. The
model parameters we used in the simulations are summarized in the Table 4.2.
The Dzyaloshinskii field is chosen to give the experimentally observed canting
angle of 0.01 rad.

parameter value | reference
Fe-Fe exchange constant | 24 K [78]
Gd-Gd exchange constant | 60 mK | |
Gd-Fe exchange constant | 93 mK | 78], [80)
Gd easy axis anisotropy 6 mK | [

Table 4.2: The model parameters used in the numerical calculations.

As we discussed in the previous section, whether or not the clamping of do-
main walls occurs depends crucially on the values of the damping parameters I'g,
and ['gq, determining the spin relaxation rates in Fe and Gd subsystems. Unfor-
tunately, there is no data about these Gilbert parameters (to our best knowledge).
Still our results suggest that the increase of the applied magnetic field reduces
clamping and vice versa.

Fig. 4.4 shows the snapshots of the domain wall in G/, order parameter as it
is pushed by the magnetic filed-driven domain wall in G,. Fig. 4.5 shows the
phase trajectories of the two domain walls for different values of the coupling
nr. For low values of ny the maximal velocity the DW in G/, gets due to the
Lifshitz term is lower than the velocity of Fe DW, and so Gd wall is dragged for
some distance and eventually left behind (see Fig. 4.5(a,b) and two upper rows
in Fig. 4.4), while for larger value of the coupling the clamped motion is observed
(see Fig. 4.5(a,b) and the lower row in Fig. 4.4).
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Figure 4.4: The snapshots of the motion of interacting domain walls in the ref-
erence frame bound to the center of domain wall in G,. The applied magnetic
field drives the G, DW. The blue line shows the effective field on G/, induced by
the domain wall in G, ordering. The z-dependence of the spherical angles of G’
is plotted in green (for ¢) and red (for #). If the Gd domain wall is able to reach
the velocity of Fe DW, the clamped motion occurs (lower row). Otherwise the
Gd domain wall is dragged for some distance and is eventually left behind the Fe
domain wall (two upper rows).

4.6 Discussion

As was shown in ref. [9] GdFeOg allows for some electric control of magnetization
and for the magnetic control of polarization. Under an inversion of the electric
field in c-direction, the magnetic moment (M) shows discontinuous jumps of
the order of 1% of the average magnetic moment. Our analysis explains that the
electric field leads to the linear confinement potential (term with np in eq. (4.11))
between the Gd and Fe DWs of certain topological charges, which makes them
move towards each other. The reversal of the electric field results in attraction
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Figure 4.5: The trajectory of domain walls in G, (blue) and G/, (red) ordering in
the (z, 2) phase space. The applied magnetic field drives the domain wall in Fe
ordering, which drags the G/, domain wall due to the coupling through the Lifshitz
term. The Fe-Tb coupling constant is (a) 1y = 0.0QnSamp, (b) nr = 0.987721amp,

clamp

(c) mr, = 1.02n},

between different pairs of domain walls. As a result, the weakly ferromagnetic
domain walls move and the change of the magnetic moment of the sample is
observed. However this change depends on (essentially random) relative positions
of domain walls, which makes it difficult to use the effect in applications.

It was also shown that the polarization of GdFeOs can be controlled by the
magnetic field [9]. Both the polarization and magnetization show discontinu-
ous jumps when the applied magnetic field along the crystallographic c-direction
exceeds a certain threshold value. As the magnetic moment is reversed, the po-
larization changes from a positive value P; to a smaller, but still positive, value
P;. Both the magnetic moment and polarization also oriented along the crystal-
lographic c-direction.

Incomplete reversal of the polarization suggests that while the order parame-
ter G, is reversed due to the magnetic field-driven motion of DWs in Fe ordering,
the G’, also changes due to the drag of G/, domain walls by G, DWs.

4.7 Conclusions

We studied the dynamics of antiferromagnetic and ferroelectric Gd domain walls,
dragged due to the interaction with the magnetic field-driven DWs in the Fe spin
ordering. Such interaction results from the magnetic exchange between the Fe
and Tb sublattices, the one which leads to the incommensurate state in TbFeOs.
The dynamics of the domain walls is analogous to that of two massive particles
interacting by a long-ranged interaction that has a very peculiar dependence
on the coordinates of the particles. We performed the variational calculation
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and validated it by the numerical simulations. Our results explain how purely
antiferromagnetic Gd ordering can be affected by the magnetic field reversal.
This effect is specific to multiferroic materials.

Understanding the dynamics of domain walls in multiferroic materials could
give new opportunities for spintronics and information storage technology.






Chapter 5

Landau theory of topological defects in
multiferroic hexagonal manganites

Abstract

Recent experimental and theoretical advances in the field of multiferroics
clarified the microscopic mechanisms of coupling between ferroelectricity
and magnetism in bulk materials. On the other hand, interactions between
the ferroelectric and ferromagnetic domain walls, which play the crucial
role in the switching of magnetization with an applied electric field and
vice versa, are less understood. Thus the observed clamping between the
ferroelectric and antiferromagnetic domain walls in multiferroic hexagonal
manganites[10] seems to be in contradiction with the fact that the directions
of the electric polarization and spins are decoupled in the bulk. Further-
more, recent measurements showed that electric polarization changes sign
at the boundaries of structural domains and revealed the existence of unusual
vortices, where six structural domains merge and the electric polarization
changes sign siz times around the defect[11]. Here we present a theory of
topological defects in hexagonal manganites based on the Ginzburg-Landau
expansion of free energy with parameters determined from first-principles
calculations. This theory explains the observed coupling between the struc-
tural distortions, electric polarization and spins at the domain walls and
vortices.

5.1 Introduction

The simultaneous presence of ferroelectric and magnetic orders in multiferroic
materials makes possible to control the electric polarization vector by an exter-
nal magnetic field and to switch the direction of magnetic dipoles with an applied
voltage[81H83]. Inverting the sign of ferroic order parameters by applied fields

*The ab-initio part of this study was performed by K. Delaney and N. Spaldin.
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invariably involves the domain wall dynamics. This is why the efficiency of the
‘magnetoelectric switching’ crucially depends on interactions between ferroelec-
tric and ferromagnetic domain walls, which may or may not be related to the
coupling between charges and spins in bulk materials.

The recent upsurge of activity in the field of multiferroics led to discovery of
many families of materials, e.g. the orthorombic rare earth manganites, spinels,
hexaferrites and delafossites, in which ferroelectricity is induced by a spin order-
ing, usually of the cycloidal or conical spiral type.[82] [7] The resulting electric
polarization is highly susceptible to an applied magnetic field and can be easily
rotated or reversed.[51 52] [84] However, this magnetically-induced polarization
is usually too small to manipulate spin states by an applied voltage.

Much higher values of electric polarization are found in multiferroics such as
BiFeO3 and hexagonal rare earth manganites, in which ferroelectricity results
from electronic and lattice instabilities.[85HR7] Yet, also in these materials the
electric control of magnetism is not straightforward,[88H90] since the direction of
spins in magnetically ordered states is not correlated with the sign of the electric
polarization.[91]

In particular, the hexagonal RMnQOj3 manganites, where R denotes a rare
earth ion or Y, are improper ferroelectrics, in which electric polarization appears
as a by-product of a lattice transition.[87] Their crystal structure consists of the
corner-sharing MnOj bipyramids forming triangular layers interspaced with the
layers of rare earth ions. The structural transition at ~ 1100K results in the
periodic tilts of the MnOs bipyramids and displacements of the rare earth ions
along the ¢ axis normal to the layers.[92] This periodic lattice distortion makes
the size of the unit cell three times larger and is called trimerization (see Fig. 5.1).
The anharmonic coupling between the trimerization and a polar optical phonon
mode induces the electric polarization along the c axis, P, ~ 6 uC-cm=2.[87, 93]

An antiferromagnetic ordering of Mn spins in the triangular layers sets in at
much lower temperatures ~100 K. There is a large body of evidence for the strong
interplay between the spin, charge and lattice degrees of freedom in hexagonal
manganites.[94H97] However, the sign of the antiferromagnetic order parameter
is decoupled from the direction of the electric polarization, as such correlation
is forbidden by e.g. time reversal symmetry. So it came as a surprise when
non-linear optical measurements done on YMnQOg3 have shown that ferroelectric
domain walls are firmly locked to magnetic ones.[I0] Furthermore, this clamping
was found to be non-reciprocal, as ‘free’ magnetic domain walls, not associated
with the electric polarization reversals, were also observed. Strain-mediated and
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spin-orbit coupling mechanisms of the clamping have been proposed.[98, [99] Very
recently, however, the combination of the conducting atomic force microscopy
and transmission electron microscopy showed that the ferroelectric domain walls
are pinned to the boundaries of the structural domains appearing below the
transition to the trimerized state.[I1] In addition to the domain walls, unusual
line defects have been observed, at which six different structural domains merge
and the electric polarization changes its sign six times along a loop encircling
the defect. These results have put the clamping between the ferroelectric and
antiferromagnetic domain walls into an entirely new perspective.

In Ref. [I00] it was suggested that the line defects are discrete analogs of vor-
tices and that the change of polarization sign at structural domain boundaries is
a consequence of the special form of the coupling between the lattice distortion
and electric polarization originating from the ‘geometric’ nature of ferroelectricity
in hexagonal manganites.[87, 93] Here we present the detailed study of structural
domain walls and vortices in these materials based on the Ginzburg-Landau ex-
pansion and first-principles calculations. In addition, we study the spin structure
of the structural defects and explain the puzzling coexistence of the clamped and
free magnetic domain walls. We also show that the antiferromagnetic domain
walls in hexagonal manganites can carry a ferromagnetic moment.

Figure 5.1: The trimerized unit cell of YMnOgs. The Mn ions (violet) are five-fold
coordinated with oxygen ions (red). The corner-sharing MnOj5 bipyramids form
buckled triangular layers, separated by the Y layers (green).
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5.2 Ginzburg-Landau theory of trimerized state
and improper ferroelectricity

The Landau theory of improper ferroelectricity induced by uniformly trimerized
states was suggested by Fennie and Rabe. [03] Extracting parameters of the
Landau expansion from the first-principles studies of YMnOg, they obtained the
experimentally observed lattice distortions and electric polarization. Here we
extend this theory to spatially inhomogeneous lattice configurations and find
the behavior of the electric polarization at structural domain walls and vortices.
Furthermore, we add the coupling between the spin and lattice degrees of freedom
and study the magnetic structure of these topological defects.

In the trimerized state three neighboring MnOjs bipyramides tilt towards (or
away from) the common oxygen ion (see Fig. 5.2).[87] Owing to the hexagonal
structure of Mn-O layers, there are six distinct trimerized states, corresponding to
six degenerate minima of the lattice energy. Being a periodic lattice modulation,
the trimerization is described by the amplitude Q and phase ®. The minimal-
energy states can then be labeled by the six values of the phase: O,i%,i%’r
and 7. The physical meaning of the phase ® is the azymuthal angle describing
the in-plane displacements of apex oxygens (see Fig. 5.2). In the domain walls
and vortices the phase ® continuously interpolates between the minimal-energy
values.

The trimerization is the ‘frozen’ zone-boundary K3 mode with the wave vector
q = (1/3,1/3,0), which breaks the P63/mmec symmetry of the undistorted phase
down to P63em. The electric polarization P, is associated with the zone-center I';
mode. This polar mode is non-nonlinearly coupled to the K3 mode and appears
together with the trimerization. The transformations of the trimerization phase
® and the polarization P, under the generators of the high-temperature space
group are given in Table 5.1.

Using these symmetry properties, we obtain the expansion of the free energy
density of a uniform state in powers of the amplitude and phase of the trimeriza-
tion, @ and ®, and the electric polarization P,:

a. o by o / 3 9 ope , P2
fu==Q°+-Q*+ = (c+ ' cos6P) — gQ° P, cos 30 + = Q“P- + - E.P,.
2 4 6 2 2%0
(5.1)
In essence, this is the theory of Fennie and Rabe[93], to which the QS-terms
are added and the non-linear coupling between @ and P, has now the cos(3®)
dependence.
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Table 5.1: Transformations of the trimerization phase ®, the spin angle ¥,
the electric polarization P, and the magnetization M, under the generators
of the P63/mmec space group describing the high-temperature phase: trans-
lation S, = (x + 1,y,2), three-fold axis 3, = (—y,x — ¥y, 2), two-fold screw
axis 2, = (—x, —y, z + 1/2), mirror plane Myty = (—y,—x,—2) and inversion
I=(-y,—z,—2).

The ®-dependence of the energy, which determines the height of the energy
barriers between the six structural domains, first appears in the sixth-order of
the expansion in powers of ). Note, however, that an additional Q% cos 6® term
is generated by minimizing the energy with respect to P, and eliminating it from
Eq.(5.1), which leads to

1
= clg = = Xog”. (5.2)
Our ab initio calculations discussed below, give c.g < 0, corresponding to the six
energy minima at ® = 0, +%, :I:%’r and 7 (see Fig. 5.3).
Importantly, the coupling —gQ3P, cos 3® implies that for g > 0 the electric

polarization induced in the states with ® = 0, +%’T and 72% is positive (the a,

B+ and 7y phases[IT} 100]), while for +%,7 and —7% it is negative (the v_, a_
and f_ phases). In other words, ‘neighboring’ trimerization phases, separated by
A® = 7, have opposite electric polarizations.

To describe defects in the non-uniformly trimerized states, such as domain
walls and vortices with inhomogeneous @, ® and P,, we add to Eq.(5.1) the
lowest-order stiffness terms accounting for the energy cost of spatial variations of

these order parameters:
1 , )
fs = 3 Z [Sb (GZQ@Q + QQ(‘Z(I)&(I),) + sﬁ,&iPzaiPz] . (53)

1=X,Y,%

By symmetry, s§ = s¢, and sp = sp.
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Figure 5.2: Red arrows indicate the displacements in the ab plane of apex oxygens
in the trimerized state with ® = 0 (panel a) and with ® = 2F (panel b). The
displacements of apex oxygens in the neighboring Mn-O layer (lighter triangles)
are also shown.

5.3 Structural domain walls and vortices

The lowest-energy structural domain wall separates two ‘neighboring’ trimeriza-
tion phases in the (Q, ®)-plane (see Fig. 5.3), whose trimerization angles differ by
+7/3. Figure 5.4 shows the coordinate dependence of ® near such a domain wall
obtained by numerical minimization of the free energy with the model parameters
taken from ab-initio calculations. The domain wall width is ~17A. The ampli-
tude of the trimerization, @, is reduced at the domain wall by about 10 percent.
This relatively small variation is the consequence of the weak ®-dependence of
the energy fu(Q,®), which only appears in the sixth order of the expansion in
powers of Q.

Since the neighboring energy minima separated by A® = +7/3 have anti-
parallel electric polarizations, the structural domain wall is at the same time a
ferroelectric domain wall (see Fig. 5.4) [I00]. The improper nature of ferroelec-
tricity in hexagonal manganites forbids purely ferroelectric domain walls, i.e. the
reversals of P, within one structural domain, since the sign of P, is uniquely
determined by the sign of cos 3®. Furthermore, the structural domain walls with
Ad = 27/3, separating states with the same electric polarization, are unsta-
ble: they ‘decay’ into two elementary domain walls with A® = 7 /3, which repel
each other. This explains the clamping between the structural and ferroelectric
domain walls observed by Choi et al. [11]
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Figure 5.3: The contour plot of the free energy of uniformly trimerized states
as a function of @ and ®, for E, = 0. The trajectory Q(®) (white dashed
line) connecting two neighboring energy minima corresponds to a lowest-energy
structural domain wall.

Another type of stable topological defect in the Ginzburg-Landau theory of
trimerization is a structural vortex, shown in Figs. 5.5 and 5.6. At the vortex line,
where the trimerization amplitude ) vanishes, all six structural domains meet
in such an order that the trimerization phase ® changes by 27 around a contour
encircling the vortex line.[100] Such a defect cannot be unwound and can only
be annihilated by an anti-vortex, around which the phase changes by —27. The
vortex in hexagonal manganites resembles vortices in superfluid liquids only close
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Figure 5.4: The variation of the trimerization angle ® and the polarization P,
across the lowest-energy domain wall.

to the vortex core, where the rotation of ® is approximately uniform. Away from
the core it is a discrete vortex with a hexagonal symmetry, as the trimerization
phase varies strongly only at the six radial domain walls. The electric polarization
changes sign at each domain wall and varies six times along a loop encircling the
vortex line. These vortices and anti-vortices are the ‘cloverleaf defects’ observed
in Ref. [I1].

Figure 5.7 shows vortex-anitvortex pair configurations. It is obtained by
minimizing the energy for fixed distances between the vortex and anti-vortex
and shows how the shape of the domain walls changes as the separation be-
tween the two defects increases. The domain walls diverge radially from the
vortex/antivortex core with the 60°-angle between neighboring domain walls.
Far from the core they bend and become parallel to minimize the total length of
the structural boundaries. This shape gives rise to a linear confining potential
between the vortices and anti-vortices. The observed network of domain walls
connecting vortices and anti-vortices in hexagonal manganites does not have this
shape,[I1] since the vortex/antivortex defects are created at high temperatures,
at which the shape of the domain walls is governed by thermal fluctuations.
At lower temperatures the domain walls are pinned by disorder and the defect
pattern becomes quenched.
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Figure 5.5: The structural vortex configuration (a), obtained by numerical min-
imization of the energy of the Ginzburg-Landau model. Here color encodes the
trimerization angle ®. Away from the vortex core the vortex consists of six
different trimerization domains separated by the relatively sharp domain walls.
The white arrows show how the magnetic order parameter varies around the vor-
tex. Panel (b) shows the contour plot of the ¥ in an antiferromagnetic vortex,
coinciding with the structural vortex.

Figure 5.6: The contour plot of the amplitude of the trimerization @ in the
structural vortex.
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Figure 5.7: Vortex-antivortex pair configuration for a three different distances
between the vortex and anti-vortex. The colored regions are six different trimer-
ization domains separated by domain walls (black lines).

5.4 Magnetic structure of structural domain walls
and vortices

Hexagonal manganites exhibit four different magnetic states, shown in Fig 5.8.
Which of these states has the lowest free energy depends on the rare earth ion,
temperature and the strength of an applied magnetic field.[I0I] For example,

YMnOg3 below 75K undergoes the transition to the Bs state, which in an applied
magnetic field H > 16T along the ¢ axis transforms into the A, phase.[102]

& &
alee

Figure 5.8: Four magnetic phases of hexagonal manganites. Filled(empty) arrows
show the directions of spins in neighboring Mn layers.
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In all these states, the antiferromagnetic coupling between neighboring Mn
spins in the triangular ab layers results in the non-collinear 120°-ordering. Whether
the spin orientation is ‘radial’ or ‘tangential’, depends on the directions of the lo-
cal easy axes on Mn sites, while the parallel or anti-parallel alignment of spins in
neighboring layers is governed by the sign of relatively weak interlayer exchange
interactions. [103]

To describe inhomogeneous spin textures near structural domain walls and
vortices, we introduce the angle ¥, such that the state with ¥ = 0 is the B,
state, stabilized e.g. in YMnOj3 below the Néel temperature, in the & = 0
structural domain (see Fig.5.10). Other spin states are obtained by rotating
all spins by the angle +¥ in odd Mn layers and by the angle —¥ in even Mn
layers. This guarantees that the states with ¥ = 0,47 /3,427 /3 and 7 are the
lowest free energy Bs states in the structural domains with ® equal, respectively,
0,+7/3,+£27/3 and =.

From the transformation properties of the spin angle ¥, shown in Table 5.1,
we find an invariant,

KkQ?

foni = sin? (¥ — @), (5.4)

which describes the dependence of the directions of the local anisotropy axes on
the tilts of the MnOjs bipyramids. We assume « to be positive, in which case the
energy of the Bs magnetic phase, e.g. the state with ¥ = 0, ® = 0, is lower than
that of the Ay phase, e.g. the ¥ = 7/2,® = 0 state. Actually, for each ® there
are two minimal-energy spin states: ¥ = ® and ¥ = ® + 7, which are related by
the time reversal operation (reversal of all spins).

At structural domain walls ® increases or decreases by 7/3, corresponding to
the rotation of the local easy axes at Mn sites by the same angle. In the minimal-
energy spin state the angle ¥ rotates over the same angle as the easy axes, i.e.
AV = A® at each domain wall. The changes in ® and ¥ occur, however, at very
different length scales. While the width of the structural domain is of order a few
lattice constants, the magnetic domain wall has the width ~ 300A (see Fig. 5.9).

Thus, structural domain walls change the sign of the electric polarization and
induce the 60° magnetic domain walls, which explains the clamping between the
ferroelectric and magnetic domain walls observed by Fiebig et al.[I0] The ‘free’
antiferromagnetic domain walls, also observed in experiment, that do not fol-
low ferroelectric domain boundaries are the usual 180° antiferromagnetic domain
walls, at which ¥ changes by 4+ within one structural domain (i.e. the domain
walls between magnetic states related by time reversal).

It is also clear that in the minimal-energy magnetic state spins wind around
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the structural vortices and the total spin rotation angle along a loop encircling
the vortex is A® = AU = +27 (see Fig. 5.5). In other words, structural vortices
are also magnetic vortices.

The recent small-angle neutron scattering experiment on HoMnOg3 as well
as the electric switching of magnetization of a the coupled ferromagnetic and
LuMnOj3 thin films,[104, Q0] suggest that antiferromagnetic domain walls in
hexagonal manganites can carry a ferromagnetic moment. The coupling between
the magnetization along the ¢ axis and the phase difference ¥ — @ allowed by
symmetries of the structural and magnetic order parameters (see Table 5.1) has
the form,

M= —-AM.Qsin (¥ — D). (5.5)

In the minimal-energy domain wall, shown in Fig. 5.9, the spin angle ¥ is larger
than ® at negative x and larger than & at positive x, so that the net induced
ferromagnetic moment is 0. On the other hand, the domain wall with A® = 47/3
and AV = —27/3 gives rise to a nonzero ferromagnetic moment induced by the
coupling Eq.(5.5). This ‘ferromagnetic’ domain wall has a higher energy than
the one shown in Fig. 5.9 due to the larger spin-rotation angle. Nevertheless, a
finite density of such ferromagnetic domain walls must be present in hexagonal
manganites.

L L ] L L
2400 —200 200 400 XW

Figure 5.9: At the structural domain wall the trimerization phase ® and the
directions of magnetic easy axes on Mn sites rotate by =%. The directions of
spins, described by the angle ¥, adjust to the new directions of the easy axes by
continuously rotating over the same angle at a much larger length scale.
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Figure 5.10: The antiferromagnetic ordering of Mn ions (green arrows) is of Ba
type.

5.5 Conclusions

In conclusion, we presented Ginzburg-Landau theory of topological defects in
‘geometric ferroelectrics’. This theory explains unusual properties of domain walls
and vortices in the periodically distorted crystal lattice of hexagonal manganites,
recently revealed by combined transmission electron and conductive atomic force
microscopies.[I1] We showed that ferroelectric domain walls in these materials
coincide with structural domain walls and that the sign of electric polarization
changes six times around the vortex core.

The model parameters were calculated using first-principles methods, which
allowed us to find the spatial extent of the domain walls and vortices. These
calculations also showed that the improper ferroelectricity in hexagonal mangan-
ites has a surprisingly strong ‘feedback’ effect on their structural properties. We
have found that the energy barriers between different structural phases almost
entirely result from the non-linear coupling between the lattice trimerization and
electric polarization. This coupling, therefore, determines the shape of the do-
main wall and vortices and may also have a strong effect on the nature of the
phase transition into the trimerized state.

Finally, we studied magnetic properties of the structural defects. Using sym-
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metry considereations, we showed that there are several kinds of antiferromag-
netic domain walls present in these materials: the 60° domain wall, which is the
minimal-energy magnetic state of the structural domain wall and the usual 180°
domain walls inside structural domains. The former domain walls are clamped
with ferroelectric domain walls, while the latter are not, which explains the re-
sults of non-linear optical studies of hexagonal manganites.[I0] There are exist
also 120° domain walls, residing at the structural domain boundaries, which carry
a ferromagnetic moment. Finally, below the spin ordering temperature the struc-
tural/ferroelectric vortices also become magnetic vortices with spins rotating over
an angle of £27 around the vortex core.



Chapter 6
Excitonic magneto-absorption in Cu,O

Abstract

We study the absorption spectra of the yellow excitons in Cuz O in high
magnetic fields. We show that the symmetry of the yellow exciton results
in unusual selection rules for the optical absorption of polarized light and
that the mizing of ortho- and para- excitons in magnetic field is impor-
tant. Our calculation of the energies of the yellow exciton series in an arbi-
trary magnetic field gives an excellent fit to experimental data and allows us
to understand the complex structure of excitonic levels and their magnetic
field dependence, which resolves the old-standing disagreement between the
results of optical absorption and cyclotron resonance measurements.

6.1 Introduction

Cuprous oxide Cu0 is a first material where excitons — particle-hole pairs bound
by Coulomb interaction — were observed [105] [106]. Experiments showed that the
optical absorption spectrum of cuprous oxide exhibits a hydrogen-like series just
below the band gap with the term energies E, = Egap — Ryx/n?,n = 2,3,...,
lately called the Wannier-Mott yellow exciton series. Here Ryx = 98 meV is the
excitonic Rydberg constant, and Fg,, = 2.17 eV is the optical gap.

Elliott [I07] studied the dependence of the absorption intensity on the line
number and found that for dipole-allowed transitions all the lines with n =
1,2,... are visible, whereas the dipole-forbidden series starts with n = 2 line.
Since in the yellow series the n = 1 line is absent, he attributed this series to
dipole-forbidden transitions. Later Elliott [I08] analyzed the anisotropy of 1s
excitonic absorption and suggested that the valence band is formed mostly by
the Cu 3d orbitals, whereas the conduction band is of the Cu 4s and/or O 3s

*This study was motivated and heavily relies on the experimental work performed by the
group of P.H.M van Loosdrecht based in the University of Groningen.
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method Me | Mp | [ € Je 9o
optical[113] 0.61 | 0.84 | 0.35 | 7.1 | -2.0 | 0.28
cyclotron resonance [I14] | 0.99 | 0.69 | 0.41 | 7.5

Table 6.1: Effective masses of electrons m., holes my, the dielectric constant e
and an exciton reduced mass g obtained in different experiments. The masses
are in the units of bare electron mass my.

origin. The crystal field splits the Cu 3d orbitals and the upper of them is of I'jy
symmetry (We use the notation for irreducible representations from [109] except
that instead of primes, the parity is denoted by + or — superscripts.). It is fur-
ther split by the spin-orbit coupling into twofold F;r (with higher energy) and
fourfold degenerate Fér level, and the lowest conduction band has I'] symmetry
(¢ including spin). This assignment is confirmed by the recent first principles
studies [110, [TTT].

Optical experiments give information about the excitonic Rydberg constant
and the reduced mass. Further information about the material can be obtained
from the splittings of excitonic levels under electric and magnetic fields. The
large dielectric constant and small effective masses of carriers in CusO make the
size of the exciton much larger than that of a hydrogen atom, so that the effects
of external electric and magnetic fields, which are small for atoms, are much
stronger for excitons in CuzO. For example, the exciton ionization was observed
[112] already in electric field E = 5 kV/cm, whereas the characteristic fields
required to ionize the atoms are of the order of ' ~ 1000 kV/cm. Pronounced
and fairly complex Zeeman and Stark effects were first observed by Gross and
Zakharchenya at magnetic field up to 2.8 T [112].

The magnetoabsorption spectra of excitons in CuyO were widely studied over
the past decades [112] TT5HIT9]. These experiments gave contradictory informa-
tion (see Table 6.1) and motivated theoretical studies of the excitons in strong
magnetic field. Since the excitonic Rydberg constant is much smaller than that
of a hydrogen atom, in CuyO one can achieve the regime of strong magnetic
fields, where field-induced level splittings become comparable to level spacing in
zero field, the regime for hydrogen atom only achieved in neutron stars. For
Cuz0 at the magnetic field of H = 307 the cyclotron energy is comparable to
the binding energy already for the n = 3. For higher levels the high field limit
(B = hw./(2Ryx /n?) ~ 0.05n% > 1) is reached for n > 5, but the spectrum is



6.1. Introduction 75

very complex due to the overlap of large number of lines, which makes it difficult
to use to extract exciton parameters. Therefore the most promising are the lev-
els with n < 5, falling into intermediate field regime 8 ~ 1. One does not have
a small parameter for a perturbative expansion, and numerical calculations are
required to obtain the exciton spectrum.

Zhilich et al. [T13] studied the oscillations of optical absorption well above the
gap in magnetic field up to 10 T. These oscillations originate from the transitions
between the Landau levels of electrons and holes. The effective masses of electrons
and holes were estimated to be m., = 0.61mg, mp = 0.84mg, where myg is the
bare electron mass. In this estimate the Coulomb interaction was neglected.
Furthermore, its accuracy was limited by energy resolution and weak available
magnetic fields.

At lower energies, in the region of bound excitons, the absorption lines are
much more pronounced, which motivated the attempts to use them to extract
the information about the excitons. Sasaki and Kuwabara [I19] measured the
magnetoabsorption spectrum in static magnetic fields up to 16 T. Kobayashi
et al. [I17] studied the n = 2 and n = 3 exciton absorption in pulsed magnetic
fields up to 150 T. Seyama et al. [I16] measured the spectra in static fields up
to 25 T with better spectral resolution. However, the complexity of the spectra
with large number of overlapping lines prevented the unambiguous assignment of
excitonic levels.

Later the effective masses in CusO were measured in the cyclotron resonance
experiments [114], which gave 0.58mq and 0.69mg for light and heavy holes,
respectively, and 0.99mq for electrons. The disagreement between these values
and the masses obtained in the excitonic optical absorption experiments [115] [113]
was ascribed to polaronic effects.

Here we resolve these contradictions and provide a quantitative explanation
of the magnetoabsorption spectrum. Our collaborators (P. van Loosdrecht et al.)
performed polarized high spectral resolution optical absorption measurements in
static magnetic field up to 32 T. To address the intermediate-field region, where
the interaction with magnetic field and Coulomb interaction are of the same order
of magnitude, we performed numerical calculation of the energies of the n = 2, 3,4
excitons. The electron and hole effective masses and g-factors were chosen to fit
the experimental data. Not only we get a good agreement between the theory
and magnetoabsorption experiments, but the masses we obtain coincide with
those obtained from the cyclotron resonance experiments thus resolving the long-
standing contradiction.
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This chapter is organized as follows. In section 6.2 we discuss the results
of magneto-absorption measurements in CusO in static magnetic fields up to
32 T. In section 6.3 we discuss the crystal symmetry, the band structure of CusO
and determine the symmetry of electron and hole wave functions, which allows
us to derive the optical selection rules (Section 6.4). Then, in section 6.5 we
calculate the peak positions of the absorption spectrum. The comparison of the
experimental and theoretical results is presented in section 6.7.

6.2 Experimental results

The magnetoabsorption of CuzO has been studied in a Faraday geometry (H| k)
with magnetic fields up to B = 32 T at a temperature of T'= 1.2 K in the group
of Paul van Loosdrecht. Here we outline the main results. Figure 6.1 shows the
magnetic field dependence of the absorption spectra. In the absence of magnetic
field, the absorption spectrum of CusO exhibits the well known hydrogen-like
absorption series below the gap. The spectral resolution of the experiments and
the quality of the sample enable the observation of at least 5 exciton peaks of
the yellow exciton series (n=2-6). In the magnetic field the Zeeman splitting
of absorption peaks is observed, and the continuum above the band gap shows
oscillations of intensity originating from transitions between Landau levels of the
unbound electrons and holes.

Figure 6.2 shows a color plot of the optical absorption intensity as a function
of the photon frequency and magnetic field. The absorption spectrum becomes
more complex with the increase of the principal quantum number n. In case of
Cuz 0, only the transitions to p-states (I = 1) for each principal quantum number
n are allowed. These states are clearly observed in the absence of a magnetic field.
As the magnetic field is increased, lines corresponding to the states with [ # 1
become visible due to the mixing with the [ = 1 state of relative motion [117].

6.3 Symmetry of the yellow excitons

The cuprite CupO has a cubic symmetry (space group Pn3m) with 4 Cu ions in
the unit cell (see Fig. 6.3). The electron can be excited from the highest valence
band, formed mostly by the Cu 3d orbitals, to the lowest conduction band, formed
by the Cu 4s orbitals. The yellow excitons are then formed by binding the excited
electrons and holes with Coulomb interaction.
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Figure 6.1: Optical absorption spectra of CusO in the yellow exciton energy
range for different magnetic fields measured at 7' = 1.2 K. Light has left circular
polarization. Solid lines correspond to the magnetic field in the ¢ direction, dotted
lines — to the field in the opposite direction. The spectra for different fields have
been given vertical offset for clarity.

The symmetries of the electron and hole bands, respectively, I‘g and I‘;r [108],
can be understood as follows. Each Cu™ ion is coordinated by two oxygen ions
in the dumbbell configuration, which splits its d-shell into two doublets,(z? —
y?, x;y;) and (w;2;,v:2;), and one singlet, 322 — r?. Here the direction of the z;
axis is parallel to the O-Cu-O line passing through the i-th Cu ion (i = 1,2, 3,4)



78 6. Ezcitonic magneto-absorption in Cus O

- +
(0} (0}
L 2.20
Landau levels [
218
&
L 216

Energy [eV]
[n8] ABisoug

exciton states

- 214
B |

L 212 l

Absorption

-30 -20 -10 0 10 20 30
Magnetic field [T] Absorption [a.u.]

Figure 6.2: Color plot of the optical absorption of CuyO. Light has left circular
polarization.

in the unit cell and is different for different Cu sites (see Fig. 6.3). Since the
2 state has the highest energy, we assume for simplicity that the upper

valence band is formed by these orbitals only.

322 —r

As the hopping amplitudes between all pairs of the 327 —r? orbitals on neigh-
boring Cu sites are equal by symmetry, the tight-binding band structure at the
T'-point consists of the non-degenerate singlet state,

15) =

N | =

(I +12) +13) + 14)) (6.1)
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Z

Figure 6.3: The unit cell of CusO. Oxygen ions in green form a body-centered
cubic lattice. The Cu d orbitals (numbered) give the dominant contribution to
the upper valence band.

and the triplet of degenerate states,

1X) = (1) —12)—13) +14),
V) = 3(=[1)+12)—3)+]4), (6.2)
12) = (=) —12)+3)+14)),

where |i) denotes the 3z2 — r? orbital on the i-th Cu site. Table 6.2 shows the
transformation of these three states under the generators of Pn3m group: the
w-rotation around the z-axis, Co,: (z,y,2) — (% -z, % -, z), the 2%—rotation
around the body diagonal of the cube, Cs: (z,y,2) = (z,z,y), the mirror, mg_,:
(z,y,2) = (y,x, 2), and inversion I: (z,y,z) = (1/2 —x,1/2 —y,1/2 — 2).

As the hopping between nearest-neighbor Cu sites is mediated by oxygen ions,
the hopping parameter t of the effective tight-binding model describing the Cu
sites only, H = —t Z<i7j>o (c;rgcjc, + c}oci(,), where the operator ¢;, annihilates

electron in the state 322 — r2 on the site i with the spin projection o, is given
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State | Csy, Cs | Mgy I
X) | —1X) | YY) | Y
) | =IY) | 12) | |X
Z) | +2) | 1X) | |Z

Table 6.2: The transformation rules of the | X),|Y),|Z) states under the gener-
ators of point subgroup of Pn3m group.

~ ~ ~—
~

by t = t’%‘i, where t,4 is the hopping amplitude between the Cu to O sites and
A > 0 is the charge transfer energy. Since t > 0, the states with the energy
+2t at the I'-point lie higher than the singlet state with the energy —6¢. The
spin-orbit interaction further splits the six (including the spin degeneracy) states

into a doublet [120],

1), = =5 (IX)+iY) ) +12) D],
(6.3)
by = F(=1X)+iY) 1) +12) 1],

and a quadruplet (here the subscript v indicates the valence band). The energy
of the doublet is higher than the energy of the quadruplet by ~ 134 meV [121].
This spin-orbital splitting originates from the virtual admixture of x;z; and y;z;
states to the 322 — r? state by the spin-orbit coupling on Cu sites. The doublet
belongs to the upper valence band, which gives rise to the yellow exciton, while
the quadruplet gives rise to the green exciton series [I12]. We stress that our
|X), |Y) and |Z) states are formed by the 322 — r? orbitals of 4 Cu ions in the
unit cell and are different from the atomic xzy, yz, and zx orbitals discussed in
Ref. [120].

Using Eq. (6.3) and Table 6.2, one finds that the valence-band doublet, v, =
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< B“ ), transforms as I'J representation:
v

e —7 0
czzwv—elz”zm—( ! )w

0 1

1—4¢ —1-—1
Cg’(bv = 6—2’3—\"/3(0@-&-01,-1-02)1/}” = % ’l/}va

1—7 1479

(6.4)
0 141

mm—y% = ﬁ (Um - Uy) Py = ﬁ Py,

1—1 0

I"/)v = 7/}1)-

Similarly, the lowest conduction band, formed by the Cu 4s orbitals, splits into
a triplet and singlet at the I'-point with the singlet state having a lower energy.
Since the orbital part of the singlet wave function [see Eq. (6.1)], is invariant under

all operations of the space group, the symmetry of the doublet, . = ( IBC ),

formed by the spin-up and spin-down electron states in the lowest conduction
band, is determined by its spin wave function. Thus, the conduction electron in
the yellow exciton has the same transformation properties as the valence electron
[see Eq. (6.4)], except for the opposite sign for the mirror transformation, m,_,,
and, hence, belongs to I‘ér representation.

Finally, the conduction electron and the valence hole form ortho- and para-
excitons with the total spin, S, respectively, 1 and 0. Due to the exchange
interaction between the conduction and valence electrons in the n = 1 yellow
exciton state, the energy of the ortho-exciton is 12meV higher than that of para-
exciton [122H124] 120 [125].

6.4 Selection rules

Since the valence 3d and conduction 4s bands have the same parity, the excita-
tion of the yellow exciton series is dipole forbidden and results from the electric
quadrupole transition [I08]. The conduction and valence band doublets, ¥, and
1y, transform under the mirror m,_, with opposite signs (see Sec. 6.3), resulting
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in the“wrong” symmetry of yellow excitons: the paraexciton wave function,
1
V2

is odd under m,_,,, while the orthoexciton wave function with zero projection of

|S =0,8. = O> = (¢CT¢U¢ - wc¢w1)1‘) s

the total spin,
1

S=1,8.=0)=
| )=

(¢CT¢U¢ + wciva) 5

is even.

The invariance of the paraexciton wave function |0,0) under Cs and C3 ro-
tations requires that the amplitude of the photoexcitation of this state has the
form,

Ago < Y ¢k (e k), (6.5)
k

where k is the relative wave vector of the electron-hole pair, ¢k is the wave
function of the relative motion, discussed in the next section, and e = eqy is the
polarization vector of the photon with the wave vector q and polarization A\. The
scalar product (e - k) is invariant under mg_,, while Agy must be odd, implying
that Agg = 0, i.e., paraexcitons cannot be excited via the one-photon absorption.

The orthoexciton states |1, S,) with S, = —1,0,1, are excited by the compo-
nents of the quadrupolar tensor,

2
Qap X Z o (eakb + epky — =Ogpe - k) . (6.6)
- 3

The excitation amplitudes, invariant under all crystal symmetries, have an obvi-
ous form for the Cartesian components of the orthoexciton atomic wave functions,
%), ), and |z):

LY = —ds () +ily)),
|17 0> = |Z> > (67)
11 = 5 (x—ily).

The form of the invariant amplitudes is:

Ay Qyz»
Ay < Qias (6.8)
A, Qa:ya
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and the proportionality coefficient is the same for all states.
For the Faraday geometry, ¢||H (and H]||z),

i
Az, Ay x Z kg 52
k

; (6.9)
r=0

so that these amplitudes are only nonzero for m = 0, where m is the z-projection
of orbital momentum of the relative motion of the electron-hole pair. Similarly,
A, does not vanish only for m = +1 states with nonzero [%—f F i%—f} . For
zero magnetic field the allowed excited states have the orbital momentlfr;lol =1
(p-states).

In this way we can obtain the following unusual selection rules for orthoex-
citons from the yellow series: a photon with the polarization A = %1 [eq+1 =
% (1,44, 0)] excites either the state with S, = —X and m = 0, or the state with
S, =0 and m = —\. These selection rules are opposite to those for rotationally-
invariant systems, where the z-component of the total angular momentum is a

good quantum number.

6.5 Motion of electron-hole pair in magnetic field

The atomic part of the exciton wave function, discussed in the previous section,
remains largely unaffected by an applied magnetic field of 32T, except for the
mixing of the paraexciton and orthoexciton states. On the other hand, magnetic
field has a strong effect on the relative motion of the electron and hole, especially,
in highly-excited excitonic states. The problem of finding energies of excitonic
states in magnetic field is simplified by the conservation of the total momentum of
the electron-hole pair [126], which makes it equivalent to the problem of hydrogen
atom in magnetic field [127], *.

The relatively slow motion of electron and hole in the CuyO excitonic states
is, to a good approximation, decoupled from the dynamics of their spins and can
be considered separately. The Lagrangian describing this motion is

I

2 2

e2

mhr"fb e

e
L= CA(r.) Fo+ SA(ry) -
c(r)r+c(rh)rh

6.10
F—— (6.10)

Hor a review see I.B. Khriplovich, G.Yu. Ruban, arXiv:quant-ph/0309014v2
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where r.(ry) is the electron(hole) coordinate, m. and my, are the electron and
hole masses, and A(r) = 3[H x r] is the vector potential (the electron charge is

—e).
In the center-of-mass and relative coordinates, R = ’wnf“# and r =
ctmn

r. — rp, the Lagrangian has the form,

MR? urz e /.y e2

L= ——7<R 4)-H>< e 6.11

y T o \(RagE) a2 (6.11)
where M = me+mp and p = % are, respectively, the total and the reduced

mass of the electron-hole pair,
mp — Me

= — 6.12

7 mp + Me ’ ( )

and the total time derivative =4 (r - [H x R]) was omitted from the Lagrangian.

The corresponding Hamiltonian is

2

[er])2+i(p+%[er])2—§7, (6.13)

1 e
H:—(P
onr \U T

c
where P = MR — ¢[H x r] and p = pir — 5 [H x r] are, respectively, the total
and relative momenta. The Hamiltonian is independent of the center-of-mass
coordinate R, which makes the total momentum P an integral of motion. Since
only the excitons with P = 0 are directly excited in an optical experiment, the
Hamiltonian can be written in the form,

2 2 2

H:;’—M+2LI;CL.(7H)—§7+;L7[H”}2, (6.14)

where L = [r X p] is the orbital momentum. Equation (6.14) has the form of the

Hamiltonian of an electron in the hydrogen atom in a magnetic field yH and in

a parabolic trapping potential in the plane perpendicular to H (the last term in
Eq. (6.14) also known as the Langevin or diamagnetic term).

For convenience we choose the cylindrical coordinates with the z axis along
the magnetic field, and p = y/22 4+ y2. The Hamiltonian (6.14) is invariant under
rotations around the direction of magnetic field, therefore m = %Lz is a good
quantum number. As was discussed in Sec. 6.4, only the exciton states with
m = 0,+£1 are excited in the photoabsorption experiment.

The dependence of eigenfunctions on z and p was found numerically by solving
eigenvalue problem for the Hamiltonian written in the basis of functions,

_G2e2) spN\Iml L p? z
Y (p,2) = 5 (2) anl(l2 i, (3), (6.15)
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where [ = \/% is the magnetic length lg = \/g multiplied by v/2, while H,,_
and LL:Z‘ are, respectively, the Hermite and Laguerre polynomials. In this basis
the matrix elements of the Coulomb interaction can be evaluated analytically,
which simplifies the calculation of the eigenstates of the Hamiltonian (6.14).
This method is appropriate in the strong-field limit, where the distance be-

tween the Landau levels, hiﬁ[ , is larger than the exciton Rydberg constant,

Ryx = % However, using a rather large basis with n, < 10 and n, < 10, we
can extend its applicability up to the physically interesting fields of ~ 15T. In the
opposite limit of weak fields we diagonalize the Hamiltonian (6.14) in the basis

of the zero-field hydrogen wave functions of the discrete spectrum and truncate
the basis at n = 20. In both cases we checked that the energies of the levels do
not change upon a further increase of the basis dimension. The H-dependence
of the exciton energies obtained in the two opposite limits matches in the region
of intermediate magnetic fields, which allows us to calculate the exciton energies
for arbitrary magnetic fields. The dashed lines in figures 6.5 and 6.6 show the
magnetic field dependence of the excitonic levels calculated by numerical diag-
onalization of the Hamiltonian (6.14) superimposed on experimental absorption
spectra. The red dots indicate the points of a crossover between high- and low-
field lines.

6.6 Fit to experimental data

In order to fit the experimental data, it is necessary to take into account the
field-dependence of exciton energies resulting from the interaction of the electron
and hole spins with the magnetic field H||z:

Hspin = _,U/BH(chz + gvsi)a (616)

where sZ and s are z-components of the conduction and valence electron spins
forming the exciton and g. and g, are respectively the g—factors of electrons in
the conduction and valence band. The interaction of spins with a magnetic field
mixes the ortho |1,0) and para |0, 0) states and the corresponding energies are:

Aop\® 1 2
Ei=FEyx \/( > p) + [2(9(: —gu)NBB]

where A,_p, is the exchange splitting between the ortho and para states in zero

field. It is proportional to the square of the enveloping electron-hole wavefunction
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@ at r = 0 [120], which is only nonzero for s-states, whereas electric quadrupole
excitation is only allowed to p-states [see Eq. (6.9)]. In fact, existing experimental
data on the yellow exciton series shows that the ortho-para splitting is zero for
n > 1 within the experimental precision [128].

Therefore, in an applied magnetic field the spin part of exciton wave functions
has the form,

_|10) +100)
’l/)+ - \/§ - |TC> |\L’U> 9
_ [10) —100) _

which allows us to extract the g-factors of electrons in the conduction and valence
band (see Sec. 6.7).

Furthermore, to extract the exciton parameters it is important to take into
account that the coupling of excitons to the lattice modifies the shape of the
absorption peaks, and shifts the maximum of the absorption away from the
position in the rigid lattice. The lineshape can be fitted with the asymmetric
Lorenzian[129],

I(w) ~ h/2+2A(hw — E)
(hw — E)? + (hL'/2)?’
where F is the exciton energy in the “rigid” lattice, I' is the exciton-phonon

(6.18)

scattering strength and A is the asymmetry parameter.

The fit of the absorption spectrum for the n = 2, 3 excitons at various values
of magnetic field is shown in Fig. 6.4, where circles represent the experimental
data and the continuous line is a fit by Eq. (6.18). The linewidth I' = 2meV for
n = 2 levels agrees with the results of earlier studies [130].

The excellent quality of the fit allows us to extract the ‘bare’ exciton ener-
gies, indicated by vertical lines. Since the maxima of the absorption spectra are
displaced with respect to the bare exciton energies, this procedure enables us to
extract the g-factors and masses of electron and hole from experimental data in
a more reliable way.

6.7 Discussion

Figures 6.5 and 6.6 show the magnetic field and the light frequency dependence
of optical absorption with the calculated excitonic energies superimposed. In

accordance with the selection rules, n > 2 excitons contribute to optical ab-
Ryx
n2

sorption, forming at zero magnetic field hydrogen-like series fw, = Eqqp —
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Figure 6.4: The absorption spectrum for the n = 2,3 exciton (dots) at various
values of magnetic field fitted with the sum of asymmetric Lorenzian peaks (solid
line) The ‘bare’ exciton energies (see text) are indicated by vertical lines.

with the optical band gap Fgqp, = 2.174 €V and the excitonic Rydberg constant
Ryx = 98 meV. % Using € = 7.5 for the dielectric constant [I15 125, [114], we
obtain the reduced mass p = 0.41mg in agreement with Ref. [113].

According to the selection rules derived in Sec. 6.4, the absorption spectrum
for the right circularly-polarized light (A = +1) is formed by two different sets of
states: the states with S, = —1 and m = 0 (set 1) and the states with S, = 0 and
m = +1 (set 2). Dashed lines in Figs. 6.5 and 6.6 show the numerically calculated
energies of n = 2, 3,4 exciton states in magnetic field up to 32T, which belong,
respectively, to the sets 1 and 2, superimposed on the experimental absorption
spectra.

2The binding energy of n = 1 exciton is anomalously large (150 meV). The exciton radius
of the n = 1 exciton (7 A) is comparable to the lattice constant (4.2 A), which leads to
significant central cell corrections and reduced screening of Coulomb interaction responsible for
this anomaly [120]. The corrections to the binding energy of the n = 2 level, produced by these
mechanisms, are negligible.
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Figure 6.5: The magnetoabsorption
spectra measured in the Faraday ge-
ometry, H||q||(001), together with the
theoretically calculated magnetic field
dependence of the energies for the exci-
tons with S, = —1 and p = 0 (dashed

lines).
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Figure 6.6: The magnetoabsorption
spectra measured in the Faraday ge-
ometry, HJ|q||(001) together with the
theoretically calculated magnetic field
dependence of the energies for the exci-
tons with S, = 0 and p = —1 (dashed

lines).

Set 1 corresponds to the absorption of a photon with A = +1 and creation
of an exciton in the state |1,—1),m = 0. The magnetic moment in this state
is determined by the atomic g-factors of electrons and holes. Since the hole in
the upper valence band has s, = 1/2 and [, = —1, it has zero g-factor since
(I +2s,) = 0 [I31]. The electron wave function is mostly of Cu s character, and
since in this case the spin-orbit interaction is not effective, the g-factor should be
close to the bare value of —2. Indeed, a good agreement with the experiment is
obtained for g. = —2.0 (see Fig. 6.5).

The last term in the Hamiltonian Eq. (6.14) mixes the state |I,m) with the
states |I,m) and |l & 2,m). This leads to the mixing of p and f states for n > 4
giving rise to additional lines. In general the line with the main quantum number
n splits in magnetic field into [%] levels (here [z] denotes the largest integer
smaller than z).

Set 2 of the absorption lines is produced by the |1,0) 4 ]0,0) ,m = 1 excitonic
transitions. This set has twice more states, corresponding to [t.l,) and [|Ty).
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The energy shifts of these levels up to the terms linear in the magnetic field are

E= (mo - m0> ppHm £ 1Igc — GvlpsH.
mp  Me 2
We extracted m, = 1.0mg, mp, = 0.7mo, |gc — go| = 2.25 and g. + g, = —2.0, so
that for the atomic g-factors of electrons in the conduction and valence bands
we obtain, respectively, g. = —2.1,¢g, = 0.1 in good agreement with our simple
arguments given above (g. = —2,9, = 0).The effective masses coincide with
the results of the cyclotron resonance experiments [I14]. These values of the
parameters result in good agreement between the calculated and the measured
spectra.

gnetic field strength is the ratio of the exciton Bohr radius to the magnetic
length, 8 = % Another dimensionless quantity - the ratio of the distance between
the Landau levels, hw, where w = % is the cyclotron frequency, and the exciton
atomic unit, 2Ryx = g, equals 42. In this sense even the strongest field in our
experiment, H = 30T, can be considered as weak, as it corresponds to 5 ~ 0.2.

To conclude, we studied the magneto-absorption spectrum of cuprous oxide in
high magnetic fields and extracted the exciton parameters from the intermediate
field region, where the peaks are clearly discernible. Our results suggest that
the wide n = 2 line is a result of the overlap of two lines with different quan-
tum numbers, resolving a long-standing controversy over the number of excitonic
levels in the applied magnetic field. This observation allows us to extract the
masses of electrons and holes, which are consistent with the results of cyclotron
resonance experiments, and g-factors consistent with the present understanding
of the nature of valence and conduction bands of CusO.
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